B BEBL 1Dk

R I ]
7 EEROE R

20114~ 12 A1 H



B

anf

X BRSE R BB T CAY B i AR % ML A B A iR
BRI X IR XA, B, H Oy R R A 2
FEANTT, PR Rt B M TR E, T AR VT R IR 2
ARG = A IR, BT RESR G R B AR i SO BUE AR E
HREVEL. H—RITR, X A 2ANAR T8RS, XA
2R ERWE SR, REVHREWRE, L LREEHRES
PR, RIEFHEfTseE. H S B4 T Rr 2 PRI, (AKX
1B, PRHIERA, (HAR . EAER), BT ZER—E AR BHEEERL
AT FEAEDHR NN BE 12 tH R I BENL AT, B — A AN S I BE e Y B
AL AT SO B WA A BE 7 SR iR — k. (HRFRAR XA —
AAIEA TG, X 7 EEARRENL A iy B 20 %7 FERh A S Rl
A N AN G B A G AR 1 B A H By, 2RIk
AT o3 B REA L AT & 2o+ AN 2R, AT A BERL T TE SRl b 2
A .

NI A R T — A, FA R 7 IRE ST HERie
R — LA N, WY R 5010, 5T 2, IEE0 A0, KB
T, DR R B LA R SR R R B B A, VR SI N RO, Rk Ay
EHAUE Doob HYBSHEALA > & BH, HE /43 — X s i, x4t
WAREEEAEE JFREVFEZENA Brown i23)), IF R HPUENR
PARSET Brown WIBEHLRr, FH A Ito AXIESRILIF B RHSIN, &
JEE S FREGR B XA B TR TR A A

L o3Hr: B E MR AR S50 T 0B B i Bie, 16T 300 48
BIZFi5 A1 Leibniz f#) TAE.



i

2. REALI AT ATRADRMER S W] L py o e, B U R e R 2>
Hree, 8T 1940 424X Tto #Y TAE.

3. ZRBEVL AT S&RE MRS AL T, BT 1973 4R
Black fil Scholes %& FHIHAALE M AR

4. AFRNE SERE O ELE A SCA R ARV AT, iR bt
5T W2 3 AR

5. A URFE HAY: (2 AR A PRAR S Rl 1 o - A 2 B RED L A DA
L B 2R A, Wl e mbEL AT A 2 A AR 5 075

6. BLRABCAEA: = EHCERRR.

AYF BV 24 R B BUR A RAR K, e A T T Y X
7, X 1 R, X BN AR R, B UL K 2 X ERE
fie, xbiX it HAE UMK T, A RBHEIX M RE, —RATIEH
HIBERL AT 45 -5 A B AR, X 34— B R, BOA AR IEM]
ML SRARMERE 2, A R, TR B AR R EAR S0, T IX o 1
BHEZHREGHIPTITEEM (4], IREATH R UE. R 2011 A TER
CEIPNE 2 e) i iy 2=

R Il
2011 4EFK T HLkc22



Ft
nf

*F
it

FAEEIR

i
it

FEEnLR 1T

3
[1]
L

FEHFHAE
EmE 5

ELE ZIHPUERE
BRE HEAER

FtE HHREHIERRE
FNE FENRS

BEALE FEAR

EF+E BRTEHNE
LEiE

ST

SEH

111

15

28

42

53

65

76

89

101

111

123

124

132



F—8 MWMEANA

AR AEIH R EERTHEHVLIR A RS, XX T
PRI B FEPL AT BRI 2 AN RE U A L KB 4
TERARH B, AR5 FANTE T ARIS Y — LU A, A
RELAR A0 A7 R R SR A, RO AR TR, — 2
B, WA, BISI0A, 18RS,
2 IEAS S .

SR

o FHALBIAR

o MR 2E[H]

o Z W5 EMMEH

o BELAE 570 Ai ek %
o JHH

o IEASMAT



F—F W& iR 2

L SR 2 GHEPLMTARR? BoyERTAIFZEIIE, RF
JLHY 2 B B 3

2. FEPLILR SKFENLIR S $8 ek IS R R 80t mdhee T
PRRET, 5L, ANRYFFdn, BORMRAESE. JLPFER AN &S]
BEHLBER, FTLAULE, BEHLBAR oA ATE.
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Lz e(ab);
oy = {7 T
0, x & (a,b).
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B LRG3 B R MO D G BE R B A, e, S
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(FTM) %L f 9 B

E[f(X)g(Y)] = E[f (X)E[g(Y)]. (1.4)
IR AR, TEAFR S BEHLAS B HRIR A H.
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IER, HRBINIASIEX BIRE FZIEE. 7T EA LR
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H# X, Y 45z, N
Var(X 4 Y) = Var(X) 4 Var(Y). (1.6)
WV PR AN R SRR J7 221 . B TR AR T 7 25 4%
BTN XHAEATH S o, FATHAFR
E(X —EX)? <E(X —a)?, (1.7)

Wt E VLB B REA LA T BT A — R I ESRTII (e
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Bl: B n XRESNSES, WEMRITELBEESEFE, X, FoRHPR
ERXTARH. RS REM T, H A FR5 & W RIAG R
XTHIFE, 1o, FRHIRE H4

e P8l
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Z— JUDBEEF R R A WA #3888 45 25X A0 46, IE5ERY De
Moivre J\FAFOARER & 2 A BE, TEE R Gauss WH R IRZR
I, A. Einstein W\ AfrrT2 s NIy f 52, XM Bl T IES
AR IE T2 M. (RS 0 B SRR T E X

f(z) = ! exp <_(:v —_ N)2> , x € R,

2o 202

Het peR, 0> 0 ZWADSE WERMEHIASE X /9% R % L,
AT X IRIIEZS G, BN X ~ N(p, 0%).

PPEI 2R RS R AN TR — DB A B, BTRAFRA Bell curve,
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IAE, IBAST T IEREEL n,
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M4 X ~ N(0,1).

B AESEBRIT SRS, B —AN45 e 70 A R B BE AL AL O R R A
FRY. R gieEiE 5 o — A — R [0, 1] B30 Ay BERL
AR, PRORENLEG BARE SRR LR ORREYLAY, (Hib gt 1. 8
L ERERILE MR BENIARYE? H U Rk, B —4
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F~Yx) :=1inf{y : F(y) > z}.

X AR BRI RIS, (HEE YRS BRI AE GRIEN, BT
DA SR, B IE S A7 B SRR SR EH. ARAEER
AT XEAF A BEUENSAAR T, R RITE
W F BB EREE f RIEIRIMTE L LIARIE S g FREPLAS
BT HAETERE c HEMITA v, 24 g(y) # 0 B,

)

— ’
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RIGE4T T HEF

(a) P2 —AHEPLEL U, HE— R g REPLE Y
(b) Wk U < f(Y)/cg(Y), A X =Y, HBMERH—H.

HER X IRNERE f B TARE PRI X EBRATRE— T8 4B
AR PR HEIE 50 AT R RED L 2.

(a) ZH01 MHEEOMRENLE V R 5EMU, ERMARETE 1—e 7,
SHEHCR — log(1 — y), B ABEHAL U, V = — log(1 -
U) RIS 1 f38%n 4.
(b) NEIRBIERHE [ wsBesE RS FrlERms Y jFHEH
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(c) BEE—HEVE U, R U < f(Y)/29(Y), 2 Z2=Y, 5
MR HEE _EdA IR,

31, TR UERAARL A A R REA L X AR R XL f. UERA: SEkR b
X Bk,
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_ / f(y)dy.
32. SJER: fNSRHENIASR: X RS AR RS PGk, IR RIS B R 8
F(X) BRI [0,1] E¥515045.
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L FFIERREC SHEREN f(2) BEPLAS R X ARAIE R BOE X
o(t) = E[e"*] = /+OO e f(z)dz, t € R, (2.1)

Horr i = /=1 TERE ATt BRI B B0 20 A bR RO — B
FAE R RO A 5T, Gv 2 2 s AR, (EURRFAE R 2K
ERELZ, WA Fourler 284, ‘EA P MEEAER:

(1) W X 5 Y Mz, Ba X +Y BEEREE X AHEMER %L
5'Y BRSO A
(2) R X 5 Y MFREREAESE, A BN, Wit
P PR BCHE — DR 78 43 A PR
R B AR LA B R SR J7 3%, B DR R R o A1

2. FAERR RO ME— 4 ORI P iR E R AR AR R e e B T
H. BEVLAR B 70 A B — R E 5 1 s R Ly A 2 1Y,
HHE

¥

e

Fx(r) = P(X < 1) = E(1(—000)(X)),

Bl AN G e
{1(70071]()() T € R}

Hirg, RIEPMALRIRHMRE SRS, SIS =M Rk
{e"* .2 € R},
EREk (FA ) mEEZE {9(X) : g} ®—AT4R, (EEHNE

A HOES T B A B B 2 AR B B 22 R 46 5 B W LA St AL AR
B X B AR T B0 U — IR Y S 2O T T EY B RO A
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SER AT DASE 3 2R s BOMOSL. FEARZ BN T, X =A%k L
ARG AER. B, AR X, Y RRFER R, R4
E(e™X) = E(e™) MBI « ML, i) LIS R R $ 5

Fx(z) = E(L—oq)(X)) = E(1-oq)(Y)) = Fy (2)

XA o L, ENTFE G, B, i XY AR, H
E[Ye™ ] =0 Xt © € R oL, B4

ElYg(X)] =0

XErAEAF (FI) RBORSL T EhR LR —PFIEM GRS E 2
HLL XA AR, HARIX kR B Fourier A8y AR

3. B MMIRFERE: B X ~ N(p,0?), RIDBAE I X B¢
MERR%C BATAWT BB X BAREIES AT, E1MZ e # Taylor
J&IFX

n

= x
ef=14z+--+—4+--.

n!
XA RIS R L, B
(it X)"
n!
RTINS, FIH 29 FR AR, A n BEEETEE, i)
H

M =14t X+ +
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— 2np)
1
= -
exp(—5 1)

B TAREEZS A RO E B, —fBE A 55 AU RE BB B T
FA (X — p)o~! IRAGFHEES 6. Fit

Elexp(ito 1 X)]e™ ™ = Elexp(it(X — p)o )] = e 2%,
TR 2 = to ! HEH—MRIE S/ RHIE R BUZ

1
d(z) = exp(izp — 50222), z €

=

(2.2)

4. S B X ~ Nu,o?), IR0 RIS E (), ¢ € R.

5. MBAEAS A ARk X RIEREYIARR, H log X MRNIEZ A, B
23T X IRMITROEZS 7047 SEhs b, AR Y IRIEZS 704w, AR
4 e IR EEZS G377

6. IESAAMFEAEMN: R X ~ N(uy,07), Y ~ N(pz,03) H X,Y
Mz, B4
X +Y ~ N(uy + pa, 02 + 03),

XAEFFR A BRI (1, R HRHER BRI, R
EEH X + Y fEHER ST

) 1
exp (i + ) ~ 30t + 23

HUATLA T, M4 R X EHE X 5 Y MRHMER B, 7
HFFERRBAMER, B8 X 5 Y M5, X +Y SRR BT &
(TP~ A RPAE R RO AR, SRR UE I T A .
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7. BIRYEIEZS A0 i B — e 4B IE S, (HIRBEFER
Brown iz 3 A FR4E5 1, OTLHE T —THRYEES M. X
WE R R AR, — n BINFRITE A FRAIEERT, aRXE
AR (HRASHE) ) n 4emR FlaE) re R A

2t Ax > 0,

Hors B ¢ FORAE MR E. R > U0 >, B4 A ROy AETUE
. BAR— MR UE R R IE 2 K 24 HAS ERARR b, B
FRIRAEE. T XPRAE M A 45 RS W PR [ A BYHFAE
{ERSEAY I BAFFEIESCHERE Q 15 QTAQ EXTMMEE, X AL
TR E . 5 A BIEFUER, FIEERAETR; 5 A
IERE R, FALEREIER. —4 n 4EREHLINR X = (X0, -+, X,)
(AkiBAL) IERS A, MR TR ERBRT S i T

&
&

p(z) :==C-exp (—%(:p —a)' ANz — a)> , x € R", (2.3)

Ha e R", A & n- PHIEEHRE, A& A MY 2R o 17
g X W, B E[X] = o, PO X — a @95 B2 B RO 102

p(r+a)=C-exp <—%xtA_1:v) .
C BRUHFREREENRDEFT 1 XA X RNESS
i N(a,A). 24 A BRAFERE 1, a =0 B,
I \" e
= () %

Hepjz| =2'e = ai 4 4 22, KB (X1, -+, Xy) B2 HARARM
PRUEIE SR, RATRRBE X IR n- EFFMEESS . MTFEE
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FERE A, FEAEME—MIEEHERE S {3 A = S2, XIHLE S = VA,
B X ~ N(a, S%), A—ZEFIL T AR iR A e
Y =S5 1X —a),
B2 2 CFR A T ARE Y 3 B R Bk
py(y) = p(Sy + a)lS|

1
= C|S| - exp (—iytSA_lsy)

1
= Cls]-exp (5l

Horp [S] 02 S mAT8, RHTTHY Jacobi 47515 H bbHE
1
V@S|
[fHE o B LB LMBE, B A FESCEAE? Ehr LB X
W7 AR i X W7 2R MR RN R (X —a) (X —
a) B TR TR RERE, i

cov(X) = E[SYY'S] = SE[YY]S = §? = A,

Horp E[YY'] RAREIES AR 7 ZH 0, © B AL .

51382.1 —> n ZERENLIAE X RIS AR Y BACE A E—
B S MA e T Mt o (45 T(X — a) J& n 4EARHEIEZS 0 A
HIRERLIF L. RIIEZS A REATL ] 1 A R B AL R M AR AR AR A TE
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8.

10.

TR IR XY WIREEEREOE f(v,y), A BIEREZHITE,
(e
(U,V)=(X,Y)A.

R (U V) B9HRG 4% BE R %L

TR B X, Xy TS HARMATHEIE S0 A, (1) SRY = Xo/ Xy Y%

FEREL (2) 38 X = (X1+X2)/2, i X 5 (X1 —X)?+(Xo—X)?
M7
FALRR K BEPLFE (X0, -, X5) BRFIERRE0E SO

G(x1, - x) =E (ei(x1X1+---+:ann)) _E <emtx> .

AR IES AR FFIER AL B ICRARMEIE S0 A i FE L 1)
X HIFFIERR L KB Xy, - X BOZARHEIE M AT HY, (A

_1

gb(l‘l’ . ’xn) —E (eile) ...E (eiman) —e Q‘x‘Q'

—fbeth, AR X RYE RO (2.3), B4 VATHX —a) BAMETR

ASHY, B
E (eizt\/A_l(Xfa)> _ eféztz

A
y=VAlz, x=VAy
E <eiyt(X*a)) — o 3V,

1 e~'e RN I v Bl 2, BF)

¢($) - F <eiti) _ ef%xtAquixta.
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11.

12.

13.

RECE R RBE BRI RE BN R — BEARER (H
#) Bernoulli 7E/ISE)EH 1713 4EH AR han iy, ERUIR
VREE — IR p FEEVLIRIRAR 2K, B4 IR FOR i
IR, HECETE SR, BE N (FF A) B0y p rIREHL
W8 n K, n(A) FRHASIHEL, A4

n(A)

lim =p
non

RECGERS T AR — DIk, S2br b, MR — L
R — B E, Br 1T — LR gy o0& BRI T, XA
ARNH. AR 2BZF RN IR R —Fp 7= (HRXEA n B
FEST IR, X ALHRFATHI T i KA 2 — M HEL S 7] DL,
FATAH FTREMRE L IE R, SF MR A T E L
RECE ) —dl: BE—fch, ROTHERECEBRXFERGE.
EHE2.1 &
X17X27"' 7Xn7"'

ST H o AT AR I FEAL AR B 51, R4

. X+ Xo o+ X,

lim

n n
sz Hor AR (B0F U, ML) SEbs B2 MSIHER

=858

= EX;. (2.4)

N KRBz, JLFITA By BENL™ i 82 H 3 R%L
SEAR. FTIBREAL 5, A2 DL AN [ A% S Sy 7= 5, TR Y
LA ERFENLAY, IXAERRATX R fih 4 BRI i Yy, ik
TR, I SLALA RS, B A AR T A AL
(slot machine), EWSCHLE L I B RH 2 /DK, LRE
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14.

RIERENLH B, BTG — IR &, 2 U B4R T2 BLIZ A
PRI —IRWERK. B4 B IF I IR i — IR I 3RAR 3 1 T
i, FIR¥UER, W AR — D NEL T — DA, LT BT,
RIGBRAIREL, RMEEAZ R — IR T-EWCEE T, XA
TR BB XL, Frh Monte Carlo J5 .

WERH: UERAAKE, HFEZA Chebyshev ASEXELEM T, XHLAIkE
DA RAMEMTIER ¢ A
E[X?]

B(IX]>e) < =5

(2.5)

TEFRATIAR &7 B A SE TR 46

(1) FEsmpEpAs At R . Rt X > 0. R4 EX > 0.

(2) R X >V, B4 EX > EY.

(3) XF—AFM A, B LN E 14, BESEE A BHT 1,
HAAMITET 0. B4 E[14] =P(A).

(4) BIERASGEH
X? > 1(xse)s

FELA
E[X?] > e%E[lx|5)] = €°P(|X] > ¢).
(5) id
X+ Xo4 -+ X, 1 —
Y, = ~EX, =Y (X, - EX)).
- 1= ;( k k)

H Y, AN Chebyshev R, ATHFTHH EY?. By { X}
TRSZIF] A,

EY? = n ?Var(X; + - -- + X,,) = n~"Var(X)),
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A SR € > 0,

mP(|Y,| > ¢) < limn e ?*Var(X;) = 0.

15, WCBRAY R S ARSI A BEHLAS RS (X} R SRR
R X, —RILTAbISE, SR ILEFFA A w, X, (w) —
X (w); ~RHHHSE, B

E[(X, — X)?] — 0;
=R RS, NI, XA ¢ > 0,
P(|X, - X|>¢) — 0.

T SERR L BRI TR D7 AR RS AR L AR
ARSI 75 2 R SK. (EUR L AR AW SR 3 T e Sl A A
L HMEEHRE.

16. Borel-Cantelli 5 24 {KHEA US98 BEAR P, Al LAt L
b ARHCER. XA R T = I E.
5[382.2 ARXEM e >0F

D P(IX, — X|>€) < o0,

n

W X, JLFA AT X
17, S IBAAER TR ERS] {e,} 5

D P(IX, - X| > €,) < o0,

n

Mo X, AT X
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18.

19.

DR 2 B AR RRIK { X, } BMSLFE Ay, SR u, 77
ZJE o MR X, — p BE—KMERIRZE, B2 > (X —p)
& n WINEIRZE B, BB n B FiRE, KEUE IR
ZEAT 0. AERNPRAG T IR ZR AT, BRERMA n KZ T, AN
MIRZER T 2R no?, A4
(X =)

Y, = —1\/%0

RIS T 0 M ST 1, B2—MrtEtbrgbELAS &

EFE2.2 (FUOMMREH) XHEM 2 € R,
ImP(Y,, < x) = ®(z), (2.6)
Forb & RATRHELE 255347 59 7045 R AL

De Moivre f5e45 H 570 A7 B DA FR € B, Laplace 2 T
HERA, JEoR A Ok R 2 BEA W kcgt, Bl pyEJ2 Lindeberg-Lévy
RO FR e 2. A DA R e PR A RO B 3 B T RS AR R 212
PR LD TETEE, TEE SR TE, 3H LS5 AR
obr, e (3).

B AR PR & BRAE T 3T — R LAY T YR R AR IE 25 0 AT
HIRERLAR R B {U; 1 <d <n} & n DMEHLEG & X

Xi = Ly<1/2y — Lui>1/2ys
M2 { X} BSLE AT, B 0, 72 1, 24 n fRKHT

1 n
X=—%x

UL UARHEIEZS 70 A, FEH SIHLBOREGR KSR, 2B —EREL
KUV ILAN AR K 7] .
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20.

21.

22.

FFMR SRR FER A REMRFT, B B KA

P(BNA)

P(A)
MEPLAE R X FEFHF A AR T RSHE

E(X;A)
P(A)

P(B|A) =

E(X][A) =

Ht B(X;A) = E(X1,). WHEMBEM, LS RHFENEBHDZ
F, LEEHMBEDH ML FMAET, PR LR E 1/3.
R 24 [ (4 5 B TR AR IR J2: 50000, |38 1 5% BE -3 AR IR N J2
80000, fEER—AE AHZEWAILH X, B4 EX = 50000,
WRAE N ZE BN, LR HR BN E E(X|A) =
80000.

MR RPN, AURTEE—DRENLE T, FHF {Q.}
Tl BOCE — 1R A, R4

P(A) =) P(AQ,)P(2,).

IRl 4 3,
E[X] =) E(X[Q,)P(,). (2.7)

: WA IE R E 2 HE Y 1,0, L — MRS —4> 01 ¥4,
FMIHE, 6 1 HBUrFRnE 7 I A, S8R E(1] = 2,
R2ZERE 11 BRI T We? EARILA AT, F—MLl, 307
fE B T IE AR p, A4 R 2A5K

E[T1:] = E[T1:1/|0]¢ + E[T11 |1]p,
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E[T1[0] = 1+ E[Th],
BRI
E[T] = (1 + E[Tu])g + (E[Tu] + 2)pq + 2p°,
+2pg+2p* 1+
—4q—pq p

23. 2R EMAIERE 2 AEER 1,0, B — MM FE—4 01 F
B, RAEXAFFIF, (1) 11 HR B -FH0fE, (2) 01 B HE
PRI EFIE], (3) 101 B UK H BLAYT-H i),




S
Il
Tt
SR
7
5
:IL]:
I.H:g

A AR RRENL AT ELE PR A — M,
AR SO T AR ER S M2, PRE T7ERMANE
LT B AR MINE, BRI T AR 2
FEENER, ENERE MR P2 AR, 5 AL
T vER G H T B .

]

o RIHIAE

o F AT

o ZRAFHIER A H
o ZRIFIHERYITET
o R PEIR
o BEHLIF SIS B

28
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L — s s A @ ORI AR TR 2 B AT R B R A B K
A. Kolmogorov Z3. 1.

2. fHEAMAMNE: TR EE, FERREZEN, ZHE—AF
B, B2 EER — L, BTV EERE (5 B ARy, IR At 2025
Be? BTG BRHEA A — 02K, WA N — A
R, BLRR AR, BRER— 2, SRR Ao 38
FE. RAEREARTER N KPR MERE ZHEL T flnice
E R R, BT, RS R — A EA, sh7E
SNET, BRI M/ AR ERON , PRX A/ 1t —TC BT, Bk SRR 42
F PN SR T, BRAE A /Rt 1, VRALE A28, IR E AR
e g N DR R AN i 11 R LT b ol o N 7 9 W 2 Sl k52
LRSI A D B R 5 R O Y, AR
JAEE CANME BT BraefE A s E PR, B0 AT AT IR, R4
AR, B AR, DAVE H R A d s XA~
BEVL, ST R T ANTERY.

3. KT VAR RA AR RAVEE AR R ZBAF AR Z LU FEL
AR B FEA L AR M5 SRR SR A, — N REALRERLAS B SRR
EgR AR 2R, AT R E S 1 T AR
N2 3E, NREESTVE M BENLAS 45 1 T R B0 2R 5%. BT
BEMLASHE: X B9 — P s2pr BRI R X 59— 8% o(X),
AANHENA R Y EEM X R AF PRHEREEA T X
AT ] Y Bl — B o (X)), BERDR 1R J7 B, B

E[(Y = ¢(X))] = minE[(Y — g(X))7]. (3.1)

4. FENLAR AR B BRI i BT o A e B B A AR P
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P FERCE LR R ST R ZAR 2 A, (HIRNTIAE R Bt
AT PERR R R R B X R RENIAR R EGE A HEAL A R A
RIBEPLEE, Y O RBEPIACE, 8 Y B X RESH Y = X BRI
PN Y KT X A, AP

EX3.1 WRFIE—DERE g HfF Y = g(X), AR Y T X
AL, 2R Y € o(X).

AP R B A X, Xy, X R EmA, a4 X
KF Xq, Xo A1, 8% X € 0(Xy, Xa). W— T RECH X, X; =
Lix=e}, X2 = lix—o46}, IPAENTPHE ST HEERA AT,

5. AIMIER/R SRR R X BUE 1,2,3, IBAFENTUE Y 2 F X
A HALSAFTE a1, a2, a3 € R,

Y = ai1l{x=1y + aolyx—o) + azlix=s.

X2 Y AR R, ESMRENEZETT LR HE P(X =3) =0,
MMAFATAT AW Y &F X A4 HAYY a1, a2 € R, FEJLFACAE
HIET
Y =ailix=1y + asl{x—2).

X2 Y PR E TR RTINER 7R, B LI A Al 5R 7 1 B,
HMBEXAERZ. Frd BiEe X Y = g(X) HESRILPFA AL A
SEERFTRAT, BEAILAT AT A A SR IR ] S e iX Fh R 7.

6. ALl BRI Y 6T X MR MFIE o(X), idh E[Y|X], 2k
[ BT

E[(Y — ¢(X))?] = min E[(Y" — 9(X))?]

HIfE, i o, g FORSERREL. T XML R %A ME— 1R
BRI EFE A LR B IRAT.
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EIE3. 1 o(X) B BT SRR X B9eR% h(X) A

E[(Y — 6(X))h(X)] = 0. (3.2)

7. B SEik BTSRRI, ABAK

E[(Y = g(X))*] = E[(Y — ¢(X) + ¢(X) — g(X))*]
=E[(Y — ¢(X))*] + E[(¢(X) — g(X))7],

I o(X) SEAb IR %, T HME—. Stk @k o(X) 2tk
[R50 e, TR XA S22 A,

E[(Y — ¢(X))*] S E[(Y — o(X) + M(X))7],

ST
2AE[(Y — ¢(X))h(X)] + NE[A(X)?] > 0,

A2 N\ B RECUAUR 0, M4 (3.2) B

8. I HEN: ¢(X) &Y KT X MFRFHES HICEXART A
W (3.2). XAE XAELPREAREEF 7M. £ Y RTHE
WEMLAS LY 25 (RSB, — D BORMEZE AR AR, BT

E|Y] < oo.
AT H SR IR R ANT R R MR T AR 2R A1 2
9. B ¥ X,Y ZHAHEIE R, BRMEM 2 € R, &
E (e"¥Y) =E (e"*) ,

MR 3.1 IER] X 5 Y Jh57.
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10.

11.

12.

Ry = ¢(x) ATEXMLMREL b W2 (3.2), Lhr b RFEXT
— IR R R BT A T, B AR S22

E[¢(X); X < 2] =E(Y; X < 2). (3.3)
XA PR oA &, X LA

BT R ARIATAE (X,Y) BIREHERE f(z,y) U
B X HyE RS fx (), T4 (3.3) ATAE

x 400 x
l/¢@mww:/ @/wwww
Wt « K55
+o0
WWM@:/ yf(@,y)dy

NIEES

_ [T fay)
o) = [ 5B (3.4

FNERE « [ f(r,y)dy = fx(), Bek 158 XF g REER
BAGEE X =2 WY, HRER Y |(xo, BISRFHERE T
P(X) BfRE X BIZRMHT Y AHE, igh EY|X), 8 o(z) 2
HE X =2 WEAET Y B, i2h EY|X = 2), B EXFUE
H, BEFHE X = o B Y M55 EN

BUAEFATHIE S5 A ) B S S B At S M T
¢(X) =E(Y|X), ¢(z) = E(Y|X = z).

HWHE
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14.
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RN P PRI AR, BRI XY 0, B4 X #9138
XEBI Y ¥, FISA T BUR— R, EIE E(Y]X) = EY.
R Y RHRE X RN RN X MEEERMET V. B4
Y A E R RER R, B E(Y|X) =

A X EEEHE, E(Y|X) S itEiAs &, B X = o BeBYE
EEY|X =2), B4

P(E(Y|X) = E(Y|X = 2)) = P(X = z).

ER)i:
E(Y|X)] ZEY|X-$ = 1) =EY.

XYL, SHEURARA . 250, R VAR, MES A R T
PPN, (ERARAFE RN N1, I2TEAfRiESE R BER]
2 [ B PRSI, XA AR A T2 E AP N 7T LR
TS BRI, BB TR B IAECT. 1 XRAT
ATAER 2BRAK: — AR AR 2B TR
IBCFE. B —fith, ARG AERE B I 22, TRy
BEALAE LRI COR BN -5 — I a1k 5 SR BT 2 —HE Y.

FFsEmtER: EREEETRAGHENS AL, FEEY
Jefd 2 A S A PR BORM D R . 72 T T Bk P, AT
it X BEREELA R, S EARS AR RS S, XL
T By i B AR S A KARA L. S T I X LR U At A
SEiiiE S EPSY- RN skl S S

EIE3.2 R EMER:

(a) E(1]X) = 1;
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15.

16.

(b
(
(d) [EY]X)] < E(Y]]X);

E(a1Y] 4+ a2Ys]|X) = a1 E(Y1]X) + a2 E(Y2| X);

) MR Y <Yy W4 E(YV1|X) < E(Y2|X);

f) Rk Xo B Xo #i5E, IR E[E(Y|X2)|X1] = E(Y[X1);
g) ARY W X P, A E(Y[X) =

)

)

)
(e) EE(Y|X)] =E[Y];
(f)

)
h) Wik H i X #5E, B4

(

(
E(H -Y|X) = H-E(Y|X).

FIREEEF RAE AR X 0 E b 25 BARM ARV, (HECEE

XA, WARRYAR VR R EIEN, EEIEFE, VRt REfS LR

E. M 3.1 BRNMEHX ST FETH. (ERITRIEN RS

— MR B ¢(X) = E(Y]X), h(X) = H, $(X) = h(X)¢(X), 3
2SR E(H - Y[X) = (X)), #LHES, BURIEAXENR g F

E[(HY —9(X))g(X)] = 0.

225 F E[(Y — o(X))A(X)g(X)], B X 3.2 AL BT
0.

VLR MR PR TR A R A A EX, — BRI L P45
RSO OL, W RRABOLA MR ET 0. BEFEA RS
PEAIAER 0 RTINS

il B (X,Y) ByBRE % B2

o) 1 ( x2—2my+y2)
Z, == ex - )
Y 21 —r2 P 2(1—1r2)
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17.

18.

19.

REYE (X,Y) IRMARRREE r (Ir] < 1) =ZERSN A, T4
XY IR IR EIE S0 A, H Y |x—p BIZRMFE B ROR

_ 1 o (y—ra)?
e x(a) = e (-4 ),

Bl Vx—o IRAIEZSSAR N(rz, (1 — r2)), BHAEE ra, Fik
E(Y|X) =rX.

PEPAET, REOMER (X,Y), a EY|X = 1) = 41/11,
E(Y|X = 2) = 38/9, E(Y|X = 3) = 33/7, ...... SZBR.E

42 — 22
EY|X =2) = G 2= 1,2,3,4,5,6,
o 42 — X?
EVIX) =5 0ox
2]

(a) & (X,Y) BHHEE T A& 10, 07 Fl o, 03, H
(X = pa)or (Y = pa)og )

IRNAESE R ECH » BIFRHEIE 4040, R E(Y | X);

(b) ¥ Xy, - -+, Xy B HARMARHEIEZS 040, K E(X0 [ X+ - -+
X,).

(c) WP MET, X FRRWDSEZENLRE, Y R 58
MR E(Y]X) 5 E(X]Y).

BRI ENE SR RS R AR TE TR 2 X R FE L
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20.

21.

AR IR, WSS LR RES (X Xo) WA
O] n BrHIAE R, BrRARR oy — MG B, FEE I TR, {56
BRI, BATS AW HUR SRR AT, AR, FRATH
o{ X, X} R EEHEE X €o{Xy, -, X, } FRKENL
AR X B X, X, XEE RRE.

WEMLPZh: R T B T 4a, B S NE T, Bk —oT, W
MRRIERY p, FIRIBERE ¢ = 1 — p, ABCERERBRIIE, & {G:}
BN MALIF S AT HEAL T3,

2 Sn(a) = a+377 & A4 {Su(a)} BRI a tHARIBENLIFS) (4
U BER — e, EFEARXI PRI S (AR R AR ). 4R
a=0, BRATEHEE S,. PLARRELIF S EREMBENL BTy SR — 2.

BWEIER: SeFEM s, B 2P R A TR T
TR —TTH R, So = o R IFFRIEY, S, K& n RJEH AT
BT 4

T =min{n >1:5, =a}

RO E UK B TE], X2 FTEABENLATTE], 24 {n > 1: 5, = a} 2
AR, ST AHGF. BRI T Wy AiFfiuE P(T < oo) =
1, HJZ E[T] = oo, WALEUE & 7EA RST8] P [E] Y5 {EF-324 [ 7 iy
[BETEST. BATHAEEVIRERIITIEARM, A a = 0, HIETE XY
SRk

{507517"’ ’Sm...}

EER LRE—FAEAHE {(n,5,) : n > 0}, WFEECK T BIREET
e, ERFFRJE LT 1. B T AR BN Sant #0,
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[

P(T =2) = 1/2:
]P)(T = 277,) = ]P)(S2 7£ 0, cee 7S2n71 7é O,SQn = 0)
= Q]P(SQ > O, s ,Sgn,Q > O,SQn = 0)

B AFLXAERR? JRFRATFIA R I, B AR Maxwell il
Kelvin & 5E M FH Y.

EIE3.3 & a,b> 0, BAM (m,a) F (n,b) BEF] 2 BT HHE
HRESET N (m, a) B (n, —b) RIS SBLIE Y EEL

S IR PR UE AR a7 81, R BB T NAER] - B EE — 1
BFIE] SR AR A — B - BRI — 5N (m, a) B (n, —b) Bt
HYUE, XEHNES Z BR——X Y, FIHLERUE—FER. IR
e BMAERMTESR {92 >0, , 82,1 > 0,5, = 0} FHyHE A
HUERL, Wt (0,0) 2] (2n,0) £2F 2 i EIFEAFARER] 2-
By SBUE SR, BT (L1) 2] (2n—1,1) ARER] - By A
PERE, BET (1,1 2 (20 — 1,1) MRS SHERDRZE N (1,1)
F (2n — 1,1) JAIAES] - BAURE SPUERL 57 RO R AT
(1,1) ] (2n — 1, -1) MIRE R BLESL HIL

1
P(Sy >0, -+, 82,2 > 0,5, =0) = QTn(Nzan,o — N2n72,72)7

Sk N, SR (0,0) 51 (n,a) BB AEHEE R, FAEHIT
n
Boa = <<n+ a)/z)'
A

P(S2 > 07 e 7S2n72 > 07 SQn = 0)]
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22.

23.

24.

1 2n—2 2n — 2
5 (1) ()
11 (o
_2717—1W<n)’
HIAH T #yor Atk
1 1 /2n
P(T:2n>:2n—127”(n)
2n 1 [2n
— 1) =
(Qn—l >22n(n)
1 2n — 2 1 /2n
_W(n—l)_ﬁ(n)’

MR P(T < oo) = 1. W Stirling 235

1
n! ~V2rn e

NN
4im

E[T]NZ%ZO@.

n>1

;J%ﬂi ERIP)(SQ > 0, ,Sgn > O)
M B T 2 RARER k By EsIR], F RO R EEEE T /oA

B R B B BOEM R e — MR AR A B
5 {a, :n >0} FIBEREL (generating function) & XA

G(z)=ap+az+---+a2"+---, z€ R

AT IRERREL, AR, R SCERIE, IR AR BRT LA B
HerfE— B RS, X EFR B AR, 2 1 U A Rk



FoE AMHFERE 39

25.

I A LA N A R 22 R R R RRTT, JLAGERY Taylor
=S

1
=1tz

1—2
log(1 - 2) P
—10 —Z) =2z — R cee
g 5 -
z 22 2"
ef=14+2+—+-+—+-;
2 n!

Rk {b,} BIEERREOR H(2), R4
G(2)H (%) = apby + (aobr + a1bp)z

+ -+ (agby, + a1by—1 + -+ apb)Z" + - -,

P ARG TR B BE e RSF T B A AR, X R R BUR B
AP, FE R A T IE S IR IE, FTRARDRIHE AR 48 8UE
HIBERLAE B & Wy At

G(2) =P(E=0)+ 2Pl =1)++2"PE=n)+- -
TR 2B bR B R M A

WML B0 B Rt R R A R A B RENLIE 30 {S.}, T Rl
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P(Ty = 2n) = — (2") 1
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1. —@E s BupgiFss /et P.Lévy 78 1937 420610, EBM TIEZ
J.L.Doob £ 1940 4E5E i1, REcH M ELEE 1953 Epy &3 .

2. I\REBENLIESI 45 & {Sh} RAR—AFREEE+ n &5 F A BT
Ahgee, ©R— A HRE n KM aER S, — Sva 5
BI n /AL, BIAE

E(Sn - STL—IISl) e aSn—l) = E(Sn - Sn—l) =0.

By i, O RIRTI B9 45 R 0 T — R4 RO AT 5 B, 26 4%
W 0. ATRIE Y

E(S,|Sh, -+ s Sn_1) = Sn_i.
FEX A AR A BB 2
3. By G v { X} REBEVUTS, dRIAEAT n A
E(X,| X1, Xpo1) = Xp_i, (4.1)

LA { X} B N BRI LAE H, Bt AT E
B, WU R AT E B REE BIXT VA A FIr. ST 0
AR SZ A 7 ATREATL AL B A o A B SR LT A SE Sl >, R
2IEBORERAT, P8 T8 WRBUK <, ABABOREZE, PRy LBk
EBUR BT — ORI, REEIETE, W TR IR
Je LB ANTERAREBCR T 2 Py B R AR T8, R T Bui?
WIFRH AR LB

4. e (X} BHENUFS, BRIHENR n A
E(Xn|X17 e aXn—l) = Xn—h

LTI { X0} JEBr U2 TR A 104 3.
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5. BIERASHE: AR
E[X,] = E[X, 1] = E[Xq],

BUARES n JOR, PRV, BB — LB

*JL%?'J, EY,] =1 %

Ha { X} 2B

7.8 B A&} ORI AT P(S, = 1) = p and P(§ = —1) = ¢,
p+aq=1 RIH a>0 @G X, =" L

ST XA, RE Ela®] =ap+alqg= 180T, Lk
“WRFRE a*p—a+q=0, IMFREEHANME, —NE 1, BN
IEfRRT A R FRATAIER T

8. —AHIR: VLTSI X, R ERE—NERR n BZIE A,
Xy — X1 R n AW, — MV R H,oo, Hyoo (X —
Xn1) S5 n R —AMERG AT RMERES 34— N 1 TE
H B LRI, 84

Y,=Yo+ Ho(X1 — Xo)+ -+ Hp1(Xy, — Xp1) (4.2)

Je LAEX GG TEH ERIE n BRI IrA RS8R IRE IR, R
S IA R A-TIE T, IBANE L8 2B SR {H., }, bt )2
AT 2 VBT, At A SRS AN T REZS ft i SRAR AT {1 35
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9.

10.

11.

PO HL: Doob St B AN FUIF HAER U LI EFRR
R, X B A FURAWE? A FUE SRR A —4E, RNATRETESR n
IR n FREER, B bk, wie

Hn—l S U{Xla e 7Xn—1}7
WL, BB IRAT n — 1 /IR IR & K H, . (TE1R
ZHME H, 1 Al H, &, o H, ZRRT (X0, X} 7]
I, 3@ H BR A R )
E34.1 (Doob) FEX MR T, YV, 28t

geg b, AR R PR,
E(Yn - Ynfl‘Xla T 7Xn71>
= E(anl(Xn - Xn71>|X17 e 7Xn71)
= n—lE(Xn - Xn—1|X17 e 7Xn—1)
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i {Yy, - Yaoa} B { X0, X} BEH, ATEIEED T A
PRI P 28 S0 2 e A R o e

E(Yn - Ynfl‘Yla e 7Yn71) = 0.
BEPLER > RIEAIRENLFS (Y.} WAk {H.} RT {X.} #IkE
PLRY. B BURREAL A h i 2 A iy e B, W A DR REAL A

PR XA BT AR Y. ToRs i, B e BLR R AR R,
HAEEREA H, CRTHAR) Z2H 1.

RTBRGATRE B {X,} B8, R4

yn:U{Xla"' 7Xn}
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12.

13.

WA — A8 HEVLFS {Y.} SRR — T8 {7} 1Y
B ARRIARAT n, Y, BT F, WA (XTI {Y,} KT
{Fn} M) HAYLY RTBUR {2} 28 BIXHAEAT n
E(Yn|ﬁn—1) =Y, 1.
HBEAE I {H,} T8 { X} BOREPLR MG TR Yy k.
R v X B8 {7, R
(a) AR {Y, : 0 <n < N} BRTBURHEL IRA Y, = E(YN|F),
n < N.
(b) R Y € Iy, EX Y, =E(Y|F,), WA {Y,:1<n <N} &
KT B B
(¢) WRAY,:0<n <N} 5 {Z,:0<n < N} ARRERTBGRA
BH YN = Zy, BLXIHHEO0<n < NHY, =2,
Doob 40 5 { X} /28, A { X2} B T8 B
E(Xi - ng—ﬂynfl) = E[(Xn - Xn71>2|yn71] > 0.
T ) Doob 73 e PRAE B RN T B At 24K A, BB BYELERTH]
FiRASAE 8 CBEALER S B AN AT A B
E¥4.2 (Doob srfie ) FAIEME—RIERE {Z,.) 18 Z = 0,
K R
X2 = (X2~ 2Z,)+ Zy,.

n n

oo FAME R PR ESAR T, A4 X Z = 0
(S T ARHEE—H),

T =T +E[X2 — X2 ||.F, 1],
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14.

15.

16.

RIGIRIE {Z,} W R BRI AT, ME—E B 1R >
2] IERA Doob 43 e B A g E—14.

BRI B { X} 2B P2 TR A BUR R 21y, Bl
R — AR, R T BUR A S — R R R LR 27
RO TS TR R B {Y, ), REAFFEENAY {H,} (45
{Yo} b2 {H.} RF {X..} HBEHIRL? B

Y, =Y, 1= Hn—l(Xn - Xn—l)-

PR MR SRR PR EER M, ERFEd Ito 2 HHFE
Brown 122l G IEAR. FEEREISE T, —BREAYRRE,
HBEANEESE S, £ LRSS I, SRR ALY

BEBLAFTE]: SRR R EL 10 JFRiE’ & —Fhkng, 55—
MEGEYL: SR T 100 STTERELE R —FoRE, AT 2R &
WP, 52 EREPLRE], 5 O WA RE - ARHERE L. HICkE
AL T 7E SR P ARl FY . 4 SRATE T g B AL P ) R g 45 o
i, AR ARG H T RAE T — Rah R IE B P LUK ) B © AR
REgfE IR T AT R BE LI R A X R R MR, H R A
R &R =R, AL — R 4E KA IR IC % H
Je AR AR, B9 B o N RIE JE T = Rt e, ITRLEAN
JefEnt. 5 T RAEnt, pEntE 3G {T = n}t i1 {Xy, -, X} AT
Wi & Y, = Xonr, XL, X RIS T 45 1k 55k R4

Y, =Y 1= Xoar — X(n—l)/\T
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17.
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HH P B PR IR,
Lirsny =1 = 1ir<n1y

n—1
=1- Z Lir—gy,
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B {Xn o X} RE BB RE, {Yoar) 28

TR R R SR R IRTEE S 5 — DR BER Y p B,
WH p KW/NT 1/20 RE—FEH AR, F—KMH K 5T,
Fh TN, iR T RS — A, HRSHE, A A4 IRE NI
ik, PR ZF LA K Joik, MOV — B ENPLE, X R
I TR REATLES 18], AR LT 20 A, Bt 7E M S B — S iR
N p WHEPLIRS P, SR B BRI TE], EILTH 2 AR
H (EARF). X5 8 BT e A T & SEbs LA
TIE, By EA e R UG R R (A HE ) 2o
Ty, AEHEIRIE I K R TE A I TR]. SRR LR SR B AR A A
MEAEWAZRME (1) TBREESE (2) FEBRATIFE. AR ATH
W SR AT S B T L RO B TR AR R BRI 2 A
AR GIEFATR ZERAI N TR, BrABrA M & /A ok
W SRR, FAEE Z RIS Las Vegas & 3 L PRI H & T FRIY
1000 f3%.

R RIE R il B2 (X} SRRl T o 1o il S B AL AR BEAY,
R R SEfr_E = — LR I LA, 4

Y, -Y, 1= KQn_l(Xn - anl);
T=inf{n>1:X,— X, ;=1}
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19.

20.

21.

22.

BLZ] T AZILRIBENLFS {Voar HUZ LHEEA GRS, ik
B P(T <oo)=1H Yr = K, BrRAHER AR T REVLAE 7
AL, B TAER R BB, AL ST ER R 611

BRI ] SR AER 32, A ASES T MR Xo, RJE B
EILELZAG T I Xo miRE & Xo, Xo, -, Xy, 2
WAL[F P ATBENUFS, X, 5 n DA H . 2

T=inf{n>1:X, > Xo},
BRT > n FHTR
XO Z maX{X17 e aXTL}

UL Xo BHT n+ 1 O hevRE T, mxprik, S AbirRs
HIRER AR —HERy, IR Xo myr A gy, A4

P(T>n):n+1.

Rkt BT =3, P(T > n) = oo.

WA (HRBIETEER EA— 2 F B, 7ETHe
[ IR D22 Fad. SEpR LBE— MEiT A B A2
Je A W BB R A (], BRI AR i B A R 2
MBI HIERIECE.

ST 25 R B A e A TR B REATL I B X, A R BT DR ] T
WERA: Y, = X3 —n, n >0, B RJFIEM {Y,} RN T 1%
A EAEAAR .

s B e Y T AU g KR — A BT 7 S A A B TR T,
WA TEBE LAPRAE T BRK —TTH H i 1, 2485 T o ST b 5T
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23.

24.

BORS I, FHAK SR (R BRI PE E M), W
B NFECEL L, MR ESCRSEREZ AT i X, FRHE n R
HER TR, B4 Xo=a, A T FRHAF NG GHTIT],

T=inf{n >1: X, € {0,a+ b}},
LATER P(Xr =0). B, BHH Xo DA 0 83 a + b WHH]
AE, X
E[XT] =0- IP)(XT = 0) + (CL + b)P(XT =a-+ b),

A it
E[X7]

a+b’
WIEATRFER EXr] AT T. RAEANEYEE T Lo, B4
E[X7] = E[Xo] = a, XFEHEH

P(Xp=0)=1-

AT LUES R AL T LR

T A —AEESEA m+1 AT, PO, L, m RS T. FR
HN 0 ST &, $8— M T, A0 o 1 S T e o] A5 3 T,
SREARSEPRIE T, ARSEe P, — E BB FrA IR Je SLZ0E H, 7]
i\ @ SR HRAERREZ AT 1 <0 <m.

R AR e (h5E): BEER i Frid r B A AR ETE T B
JROL, BEMRal AR R 5 B W ASSH#e? Ao Doob #2742,
{Xoar} JE8R BrLiy

E[X,ar] = E[Xo]
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25.

26.

27.

28.

XHEAT n 8L T80

lim X, nr = Xr,
n—00

iy HE P Al ASC#,, AR 4
E[X()] = hmE[Xn/\T] = E[llan/\T] = E[XT]

EIR4.3  (FHUSEE) WREENUFS { X} W8T X BAFTEH
O ERIMEST n A [X,| < O, 4

Eflim X,,] = im E[X,,].

AXA 2, eSSt i LL T, B { Xoart BA A,

AT e B R R E R T, M MR R, 50 p A
q=1—p, HABIET HRea B,

AR B X, BRI, H, € o(Xy, -, X,) HAFFES n
M w FTERAHER C 5 [Hay(w)| < O, Fie T Z4EnH E[T] < oo,
Y, & H XT X WA, IEM: Y, 72 T _EWAIHEA A
ElYr] = E[Yo]. MBUZXTTFHE KB XA 700 — b s . 42
7 T o i S e B

AT FIBRITIEARSRE W AR B (p # 1/2) BEPLIFSD {S,}
HURARE & BIHE] Ty #9047 LA KB YGR (812 i I TR] T 69 234

BEpR RSB FEB I B B R4 A R AR KA. %
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1
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Frek {(pz +qz71) 25} 5 {(pz +q2) "2} EBL BERAEK
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2. FTEER: BRI arbitrage, EFEBA NI it
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ARRIE S WA AN Q, PR Ep— MR E, fiid Q
TR R ATREVERI /. IR Q 2 Q BRI R, H
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JERTREALFF AT REPERY —FhBE IR, SE RIS —Fiogr iy B A
W, (HERUEASAE RN, WA A S REHL A AL i 2
P, EASEH 2 MR R REELRY. anii LA § AR
BERMEUE 1, -1, EAEFMIET, ERESE 1, -1, A
RYRT, BT p.g WEASICHVLH TR ER), 21E
p,q HREEIER, FNMR p = 0, LARWTHEFT 1, BUEHA
FRAETRE, XA T REMLYE: B A SHEH 2 1Y A s BEPLAY, 2
i p+q=1 FHNFUR p+q <1, BABLRICHLERANAARAT]
REICE A9 (EAR TS FTREHRE, Xl T RENLAE

5. SFUr BN WRA AN RS { X}, EEFESER P Al
REAEEL, (HEAERNS P HHBE Q TR Al {X,}
ALENBAE. B (Y.} RMSLFEDAAREYLTS, JHERT 0, A4
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Y, BIBUEAR SR GXBTERAFALE), TAFTRER “F Bl B2, (224
P(Y, < 0) > 0 B, E—EfFFMRME. (B85 X, RAR5MAL
[l o AT REAL P2 Y SRR A R B 59k ) XA AT A RlEle? an
A Y, BRSO R, T4 Y, EFRUIIARA RSB R
FTREME, 24 P(Y, < 0) > 0 I, NMEHIEZ K, MArrEhiy nlaett.
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EIE5.1 (H—EAEH) BN A S GBI EILTF.
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ZIn &R S, BIBCEET. FOMRBIB SR8 Rk 5L IR 7 A b
P LAY SRR, BD

Sn = S0§1&2+ + - &n, (5.1)
Horr {&,} BSLESMA, So SRBEREATIHE. IR &, BN ERUE
dyu, d <u BIHERDHHN ¢.p, p+q=1, 25 & BUE v FRIKFTE
BEZ] n ik, ENRREE AL Z— A ZIaAL BRIZRAT
AT LA MNARAT TORR ] #0773 s SR, o TSR T DA B R 3R 52
9 S, HEHL, #CIT S L AL AR FFAE R B IRAAT . ML S RENL
L ABEHETE.

7. TER: BREBRITEY, RikmILERN, NuF
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FLE, R L+ > u, WEREARS E, AL ATRT A SE S H
(CE=E) 1 BUBER, ARG 5E 4 So, AFANERAT, 76T — IR 73K [H]
R, ARAN (1 +7)So — Si, Bl 1 +r > u > d, BriiHELA &
JeAR Ry, M HLAEBERAT 0, HILWHEEA. FEERATT U
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IR AT AR E e K SRR, BT LAHE
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— B, —A n WRIBARATE ISR R — KT Sy, -, S, A
HIREAL AL R V..

- HrtEA AR BIBUR—FAUR, B RASRE I, ENMXEEZEE

IRRARA T R TR, JEHIE X B X P A B AR A LA A, R
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AT E T 8L

(1+1)"E[V,]. (5.4
TERALEIERER T, XMy, X i AR
BOERAEE RN, TiEHEER REENREE AR (3
) WBE DN, XA BRI I R B ARFRY. HAMX A
PSR p H26, FELEFRET, X MERBEEF . B4
T A A EARUE iy AR 2 X R R .

SRR b AU i B AR Ul AL 29 AR A W] LA
IR IR A AR AT

BTy BAMFAVIEHE S o, TAEANREELL BT BRI
WAE Vin, AN m = 1 FF8h. B3R o RBZE, T 25 T8, R
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ﬁT? %I;ﬁ
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TE St TSR A
_ 9(Sou) — ¢(Sod)
(u - d)SO ’
0= (1+1)! (u— (1 +7))¢(Sod) + (1 + 1) — d)d(Soun) (5.6)

u—d
MR, RE—TFHE v Jok, AR A] LLEd L E stk
R IIRE AR ER R, FTARX NI G AR DWVIERX A%
B XEANE ML), RBERA SRR L zo M
TR, (5.6) BURIIBUE N A

SERMEE Ry (HRRNIBLLE R, FAF e 209 iR & — Bk Al
R, JEH BIRPER.

B F- R EIAE RTINS 2 50 T, T METZILL 3/4 ARk 20%,
1/4 BIREZRER 20%. A% K —1 T — B2 B IR 7 2 ik
52 JCHIBREE BRI, RICHIZE AT DL 2B AN, IR 2 Iy K8 e
B2

(60 —52) x 3/4+0x 1/4=6
G, M EEATEfr Az, B i &
20%
0%
76, REMAREEIFR T AR R, SE24R17E 16 7T
B, I ESEEIRUITRAT 4 JoERE 2/5 IRIBCERCE, SF3I T — A,
WA R R 40 T8, BB 2k B, T2 BES 16 oo
BRI BT, R EEERE] 60 JT, LS 24 JT, BAHBIT
16 JT, 45 BIACREA A 8 Joiki Frfs.

(60 — 52) -
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17, SABCEIALAT VR AR L 1 A0 R g — T A A RLAT- 16 .

18.

Fotn e N 17 704k, A5 OB S 2k, RS IR —28, WSt
JEZE N BESE 1000 ft, 4R 2 Baked, #iH, fhlE— oo, thietsd,
MAKELERR, BE— T, LRI, FTRASE 12500 14 BAAL, 2R i ik
T, fEL BB 8 JT, 3eJ5 58, Mt R M 5 0. X2 B
PR AR E S RS T, R R TR SRR T, B4 B
H—ERIEAR, H T TCILATCIE; WA SRR, R4 U JT JCAE.
B ABABURATAT, BEBOR T RTEAI s R 17 XU, B2 there is

no free lunch.

WEE: ATAEIIAE M 2 (5.6), MITEHEXAN2XE p BAX
&, XRE—MEHE, O p B NSRRI RMEs 2, R
FNE. FAIMAXFHEPAMET 1 HIER
u—(14+r) 14+4r—d
u—d  u—d ’

CEHR P XEARCE AR, Fefi 1T AT HE SR P (i

iz

P(6y=u) =9, P& =d)=1-p),
M4 PR P g — 0 B (375
u—(14r) +u1—|—7“—d

u—d u—d

X FHATBE RN {(1+7)7"S,} 76 P FRy— 8k FrLh
P J& P 7EREFhE R i — AN B, T R E R, P R
A% {(1+7) S, BB — S5 B Xt R mE P e
55— A R
5.2 (4 T HARETE) HIAUH JORUE 24 LA 4 S il
i —TE7E.

E(&,) =d =1+,
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19. BEENAR: FSMNE ENHARK (5.6) TUERN
2o = (14 7) g6 (Sod) + p'é(Sou)] = (1 + 1) E[VA],

Hr Vi = ¢(S1), BRI G AR IEFER T /BT R E ST,
GREERIEM AKX (5.4) BAME, REMEANRF. F—Mi,
PARSFIA] m Ay v s B T AT AR SIESR Vi TE O IS ZI BB W22

20 = (1+7)"E[V,,). (5.7)
TR ATAE EATIE .

20. $#9% X BRI B BUR IR ETE Z] bk 2 PEBCE. |
WA X WWE B, E8K (32) Hy, (PR, {88 PN (W)
WA WATET —ZIy M s B E N

Xk-i—l = HkSk+1 + (1 + T’)(Xk - HkSk), (58)

— MRS {Hi} MYE M EFS { X} # R

(1 —+ T)ikilX}ﬁLl - (1 + T)ika
= Hk ((1 + T)_k_1Sk+1 — (1 + T)_kSk) .

BAVHGE {(1+7)7"Xe} 5 {1+ )5S} S BRI R S 4%
HIBTBUTS, WiEE (Hy) LT B HMBENRSY. FNEHT
P EBH Hy %F {S1,-+, Si} AW, FrLARHE Doob @A
A {(1+r)F X} LT P R8s, B3 IS (00 5 5
FE TR — ANt

21. By XEANEERTIMEN AT, HRROEEEAZE
H A, ISR R ER T — IR B WSS F AN B35 B B
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22.

23.

& B (5.8), & By = Xy — HpSp, X REBEEE W RFUK
NERAT, T F—BFZ], By = (1+7)By, Bk

Xir1 — Xi = Hi(Sk41 — Sk) + (Brgr — By), (5.9)

WAURUEI & B IR B B R A RATRI AL, B HAoRIE,
XL H R

M WERBATEWIR T & vo, FHLERTE {Hy 0 0 < k <m} 1E
FERTE m KEGHREL V., —HENWE, B X, =V, 4Bt
HI A AR

2o = (1+7)"E[X,] = (1+ 1) "E[V,,].
RPEE T R A18 2 M A

RIS TR SRR B, LR AREE — e &t
{9, WRERTEAE (Hy - 0 <k < m) % X,, = V.. BT84, b3
fIFE r = 0 HMB R TR AN S {H,) 7RAE, TRARITRAE
—ANBLSARAE R B T R AT IRV, BT LADCRERY & I R
SRS, TR R A R I bR T LA S A R SR e s B R
2, {Hy} FEAERERE 28?7 BCIE & HiT e BT i B R . {S,,)
TEFIE P RS SWBRICy (). BR V., RBSEAER
HARE m A2, 4

Vi = E(V,u| %),

WA (Vi1 1 <k <m) BRTEGRIBE, Vi sUZHIBE & 216
TERELANHE, B Vi, ME—BE. IR T B AY BT ISR, TR
2ATAE {Hy} AN A RENIAY Xy = Vi X 1 <k < m &
SE, ISR T
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24. BARERAE: BRBBE r = 0, BRILFTIEHY S, Lt S, AHERE
ATLAT . N m BRI AR,

Vm - mel = Hmfl(Sm - Smfl)a

Horp Vi, & Sty S BIRREG Hypd M1 Sy 2 Sty St HY
PREL BRI AITE m — 1 W], X Sy, - -+, S BEHE, AT
B Vi M Hypor. B2Y Sy FXT Shy ARFFATEEYE S1u
1 Sip—rd, FTEABRATREN AT

Vm(S1, T 7Sm—17usm—1) — Vo= Hm—lsm—l(u - 1);
Vm(Sla e 7Sm717 dSmfl) - mel = Hmflsmfl(d - 1)

Y UFPIA TR AR R, 5

Vm‘u_vm‘d
Hpyq = )
" S (u—d)
u—DVola+ 1 —-d)V,ule =
Vpy = 0= ‘Z—Ez Wole _ §117.190, -+, Sa].

25. AT GERGURMG: — B, M0 <k <m

Vk‘u_vk‘d
H,. . = .
u—1DVilag+ (1 —=d)Vile =
Viy = )k|Z—Ez Wibs _ g 150, ) Sl

ﬁ\:q: ‘/.;€|u = Vk|§k:ua Vk|d = ‘/:;<J|§k:d‘
26. ] ¥ € RARMBENLAS &, JERH: P(€ > 0) > 0 24 HAL E¢ > 0.

27. P WA —IEEBAERTZ] 0 RS 50 JT, FE&R 1] BT A
3/4 B Lk 20%, LA 1/4 BAER TR 20%, R 2T L 20,
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28.

29.

FA A ARAEIES R 7] WA SEAERT % 2 BRI R €% 52 70
AR BRI, it A 7ERTZ] 2 DL 52 Jeag s 24 AUEE
P — BBR AR, AR AR %32 2 D8R B /] %8
2BCFEORNS v R, AR 1 BCE TR, X IAGE EZ Y
PRERF] VA% 8 ABRAEY

TR AR B A A SR AR = 5%, AR R %8 A
fis?
S iR (5.1) Y &, BUE 0 < wy < ue < us WIHEZRST N

D1, P2, D3, T2 p1, po, ps EIER HATN 1, [RIAFAEARE R0 B R AS4r 20
JEEI G RR {(1 4 7)7"S, } BUSBA SRR A7 ME—ng?



A M ETRn I FEdL FRR RS R e L e B S
B T SR R, (HOELER (Rl BEH L FRAE R R
BB B ARE B4R, Brown 2 sh/E ML B AR R.
Brown 7E 1927 SRS E 48 12 (1 76 8y S8 SO AR MR AR 3R T
IMENLZE e EE R REPLE R, B A. Einstein 7£ 1905
SEIEVHE RS BRI 45 ARk IF B N Wiener 72
1918 4EJ A4 A EVEIE I ISR, — B ZRENLIEAT 5E
Hl. AREEAZ Brown 2 3 LR IAERT, i —L
Z M A AH B AEITE.

i

e Brown iz 3]

o MSLT-FRNG

o HFRYEI AT

o HIKITHI oA

o HAHMIME

e Donsker A5 g 3

65



FRFE FHES 00

L BEMLEER: N R ] FEAL 751 & Len R EA L AR, B EZEA
Z, (EITEARAR, RO 2 3 —BOe 8 20y, BT DL g St a] ke
Lok R0 B B A AU A B 5 R L R AL B AR

2. BRI TR REATLIE R TR E] IX 8] SR — A RELIK g i 45
RS AL R B, P E] Q ERyBENLIAR R

X =(X,:te[0,T)),

FROMBEHLARL X HL T LI +oo. HERE X, = X(tw), t < Tw e
Q BPAERARE, ¢ SRR, w R [E ¢ RN
Ak, [ w (0, 7] LA EE, BV w BHE, SRR,
BEARBLIE O MATRIES, 05— AR SR — R, 3T
S AR R R — S BRI, TRE M AR R
YLK, S5, BEHLASRERT R A0 R — N8, TGN R A — i
8, LA BHLAT R, T L AR B L B 5

3. fF5: MY FARER T X = (X, : ¢t € [0, 7)), X XA FEHL
WA 2T, Xy EREVLERRAERTE ¢ f9HUE, AR AT E R
AR X B (Xo) SRR X, &, A ——#i

4. FIRZGEM: AEBCERANISTELR 0 <t <ty <o <, HEHLIIHE

(thatha e 7th)

W AR T BN BRAE RS AL (6, -+, tn) RO IRYED AR, BT A
A PREAE N A EMFR AT FRAE DM AT IR, AR PI A REVLL AR AE BT A
[e] i 1] L A R e A AR ], IR AN E 1150

5. I W EBEA A EYLT R Z Poisson (JAA) 25 Brown (i
BH) 23, arERERet B [0, ) BAREARSSIE BB, AR A HEA
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Iy

R, JEAE R WA SR T R T R s S, B
I E R RR X PG 0 A% 2K Brown W4 P44, (ESEhR_EXe
FERIR . F BT T H2E K A, Einstein fI22%K N. Wiener.
Poisson 53 TR FEASHLIE S BRERH), Brown 12 S FEASHIE & 2L
1. HXEH R ZFIRRE, IR, XS RES 4/
HE

FEL: B ¢ ZAMEE o(Xs: 0 < s <1) i8N F, BARETHE
IR ZABENIA R, (R ER EE S BRI (7) R
MEEH. EE 7 PEEATEISE 2R, E S E
MERRAE, AR EX T HRREYL R EREER. IERITIILAA
[7] ff BE M — MR, A R RERGF B e B e B0, FANTRILAIER
—ABENIAS R § ST AT A W] LA A G — N REVLF 51
15 { X, } 15 & TAERXANNFIIR % SIMEYLAR € 5
Ty BALEAG & SHARATA RA-BENLAL B4y BEL A B S

FFE BMM A BB R ¢ LT ENFAGIHA
E(¢|.2)7 B b, FIETE S5 =PRI Ul A 56 T REALAS &0 5 {4 1
—FE, EROHE BRI RAETN. A&, B—A%T
T, FIMAIRERLAS i 0, RSB AR A X, -, X,
K%L g, F

E[&Q(Xsn U 7Xsn>] = E[ng(Xsm e 7Xsn)]‘

HHBRNATEEN IR R LT EERA R NE B2
AN ERPEIR. SR =R 5 T 2 A S A AR e AR 5 B R
AR OL T IR Y, X VR R BRI, e S
E
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Iy

(a) E(1|.%) = 1;
(b
(c) MR Y, <Y, B4 E(Y1|%) < E(Ya|.%);
(

d) [E(Y|7)| < E(Y[[#0);

E
E(ayYi + a:Yal %) = aE(Vi|.7) + aE(Y3].F0);

f) ik s < L, R4 E[E(Y|ﬁt)|ﬁs] = E(Y\L%);
g) WRY & F migy, R4 EY|F#)=Y;
h) W H 2 .2, vy, k4

E(H -Y|%) = H -E(Y|%).

)
)
)
)
(e) E[E(Y|#)] = E[Y];
(f)
()
(h)

TSR R SRLF B HLAT ], PREEVLEFE X = (X,) 28, anRxs
FEt>s>0H

SN TR A ESETE
E(X, — X,|.%,) = 0.

IR A _LBCT BRAY .

9. MSLIEE: B X = (Xy) BHEYLERE, X, o] ABUAETE S 4E=E ),

41 Brown j2 ZiRIEM TEMIASR T 1323, BRI 2% — 4k, 3
AT HE, BRITEFREENE—EN. T t>s>0, X, — X,
Prsh . — RN RERR AR S R R B R R TG iEL
0, BeE SR X, — X, SEHE s §riE R 7, o, k&, 1
B s ATRIETE] 0 < sy < --- < s, < s, WML R X, — X, HHEAL
& (X, -, X,,) M2 Poisson :2#25 Brown 12 Zh#f & 57 3
T
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10.

11.

12.

13.

R DR RIE S M AER AL, Fok Gt Fe @ Srfy. SR
R R R EEAERE —, MRS R e RE D
IR, B IREZDREE R Markov B4 FamA4 1, f7E 150
AERTE O R HITE g i S Y. A BRI B IR
AR ML RE S BIRE B X - X 5 s ZEIMSL, BRI
MW X, 5 X, 5 s gr—@ BMOSLH), FEEAES RER: XL
t>s>05z2zcR,

P(X, < z|Z,) = P(X, < 2| X,). (6.2)

Thad R R E X, - X, 5 X — Xo R0, AL TULHEL
R TR R, TR R U B AT OB T I ] 22 t—s, 5
IR R s, t Jo36. Poisson W AR A3 R SECN A(t — 5)
# Poisson 434f, 1 Brown 2 3H 88 1 0 A & 1EA A N(0, ¢ —
s), A2 TRt iR

A Poisson 1425 Brown 12 gh#f & Vi HAM VG EE /. M T
i, AMRBLENTAN 0 ik, B Xo = 0. i B 2h 573 Bk 572
R RV R AR Lévy 1%, Lévy B45 T —REHEYLS
2, BV AR Z IS, WinfEERiiy b, A1E%
AW 2T H Brown Z3REAUB RS, Bl it — ¥4z 4,
— BN R E RS A B IS, S R E B A
FANZ SRR, XWMIAREATTE Brown i23)), Jrll %84
HRE AT B3k 1 B AR  A 1A B BE AL R B R S e 3, 2
Lévy it fa e I fe.

WMRLZE: W2 TH APPSR X = (X)) FROEAE AR

Brown 23],
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15.
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[éu

AW
a) Xg=

(a)
(b) 2
)
)

Halm

(c) VFRathm H X, — X, ~ N(0,t — s);

(d) FEABLIEZELE.

IR ATHEP AR B, PSR A I SO SR ], (R EAT
WA —FE; [FRE, YRATREHR N2 ZhET, ENTWHLEARH,
{HZENT#Z Brown 23, FENHSMAHERE. AIME X = (X))
N x B E# Brown 23, R (X; — ) 2AEF F 1A Brown
B3 —fH, n 4k Brown Z3&% n MESLE Brown Z31EN
S EABAIMENL R BT RR. AN, Brown BhATHEEL () FRAE
JU{a Brown 2 3].

FEAEPE: B H LS B — MFEAEMERE, XF Brown 231
Han, FEAEvER Y SR AR+ 248, &5 N. Wiener 7£
1923 F45TE, FrlA Brown iZ23{BFR A Wiener 2. HiF—
S # % Brown i@ 3 FFTEEAR LA AR, IAA Brown 2 311E A Z]
H LW TEW R R T 32 3h 8 B AR HUFAE S, (HSEks BT Bk
) Brown jz3) ALY i Brown 23— ML
TR AR E SR — AN BUER A, TR A BB B ARIE,
T ABE H U A2 B RARIE. 48— MR 257 A Brown i3
R A T ARG HUBEL T A4 1 i Brown 2 3.
KF Brown iZ N FIEMEIE, 2% [4).

WHAIZZA R4E A K X = (X)) BF R H KR Brown jZ23),
S B EHE R 0 <t <ty < --- <&, HETRREMLIA &

(Xthtz - Xt17 e 7th - th—l)
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[

M7 HAER R RS, IV ERRE % B RE0E n 4EES0
Pty (xl)pm—tl (:L‘2) o 'ptn—tnﬂ(l‘n)’

Forf pi () A 0 O7 22 ¢ W—4EIEZS AT Y BEpR KL i T RE
L (X, -0, Xy, ) e EIBREYL R R — 2R e, FrLAER
JEIER A, HER# EREUZ

Pty (xl)pt2—t1 (1'2 - xl) o ‘ptn—tn—l(:pn - xn—l)
1

V@)t (ty — 1) - (b — tat)
- exp <—% <f—§ + (xt22__$t1)2 +-- (xgl__i:jy)) .
K Brown iz 3 i A BR4E 5 A1 & BT M R/ RS 5010, & Gauss
R (A AR R E S A LS AR & —1 Gauss
o). X FHISEER R ES S, AEERh o ZEER 2% T,
17 FIMITTE N

i BAFEMITE BIX X7 PRSI, AR ¢ > s,
4
E[Xth] = E[(Xt - XS)XS] + E[X?] =S

LA A, HEET ML, Brown fyIREIEA LATH L
L.

B kX = (Xy) BEAHAR Brown 23, (1) XHME{TIEEL
tltha t3a t4 ;J‘z ]E[thXtQth] 5

E[thXtQthXM];

(2) % s < t, 2K E[X,|Xy]; (3) & s <t < u, 3K E[X;]| X, X,
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18.

19.

20.

38 Einstein & ¥ Brown 23 X, B%E R u(t, 2) = p(x)
T EVE SR

ou_ 10%

ot 20x2’
IERAZ.
P RIS IE— MEVLE RS Brown 23)), —MNMMEERIEE
7= Gauss 21 &2, B AT H T Z R E(X, X)) =t As BEAJA T, FrlA
T LM RAR 2 5 B k.

(a) XFRME: (—X:) i Brown i23f;

(b) FHEME: MHAEMISEEL ¢ £ 0, Y; = ' X2, )2 Brown j23;

(c) A FERFEIRBE R R, Vi = t Xy, /& Brown =3

(d) WA R T Rfeny, A Y = Xopr — X VENHEHLE
Rt 2% F &K #) Brown j23).

ARNFERL: B (&} AL ATRENLAL L, EE, = 0, Var(§,) = 1. %

Spi=(t—=n)(Snt1—Sn) + S, n<t<n+1, n>0.

M2 S, JEBEHLIEER SR EHEA I 23 8] 9 i RBE 25 He, SHE
] n, % "

XM = \/—T% (6.3)
o MO, 2R (X)) B EELME—AEIER Brown
B TR ¢, bR B T A ok X s Al
ST IEASME N(0, 1), T E A 45 RA0 T
6.1 (Donsker AAFEF) 4 n TN, X WS TF—A4

Brown iz 3].
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21.

22.

)8 Brown 23R B, (H27Em M EIoik Bt sl, AT
Fl Donsker A28 IR Brown 123, XIEEEHRAZL. 5
— T A, Brown 123.

By % T, &M 0 Bk Brown 231 X B3k a € R T,
KL

To(w) :==inf{t > 0: X}(w) = a},
IR Brown 123 )\ 0 %, H2E X 7R Th RULET 0. 18
MY T, ROTSEE T EM I HIER T P(T, <
00) = 1, AKX ITEF A H T Brown Z31WE? Brown A X HK
P B (—Xy) B (Xy) 2 AiAE R A Brown 23, BrAs T LN F
RS B a > 0, 78 To(w) < t B, BEABIE X (w) 1EH s BT8R
BAE t ZHIRER] o, IRAFERER] o ZJERIBERE LER T ER%E
REAY, Xy > a+ (b—a) A1 X, <a— (b— a) BBEZRAAI.
EIE6.2 (HFEH) K a>0,beR, t>0, 4

P(T, <t,X; >0 =P(T, <t,X; <2a—b).

KA R L RS T, A 7, R 1o 5 T o
%ﬁ' E‘X b= a, 'T%"

P(T, <t,X;>a)=P(T, <t,X; <a),
B4 T, W35 A R EH

P(T, <t)

QP(Ta < t, Xt > a)
2P

Xt>a)

2/ L 2y
(§] t X
o V27t
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NE WHED 74

1 |2
= 2/ e 2 dz
a/Vi V2T

= 2P(X, > a/ V1),

Y ¢ — oo B,
P(T, < 00) =2P(X; > 0) = 1.

Xft RS, 53 T, B RN
a a2
¢a(t) = WQXP (—§> .

B Rk BT o = 0 M dmosk. HARBEEIBARIR, Za ] 0
B, BEA T, L To? WRXTE3E, AR AXHEAM ¢ > 0,

P(Ty <t) =2P(X; >0) = 1.

B Ty = 0. {H_EERRRA—EXT, Badple? Bt >0, { T° %
/Rt IEEERIEE] 0 AT, B4 lim, o T = To. B Brown 2
T BB, 4 X, = o i, ZIFEEZE 0 S TN 0 Bk
B —, A MHE
P(T' <ulXy=2)=P(T_, <u-—t)
=2P(X, > |z|/Vu —t),

RS
oo 2
P <u)= [ —Lelop(x, > g
(T" <w) /_0027rte R > =)de
[o¢] 1 —$2
:/ — 5 2P(X; > 12 )dz.
oo 2T Vi(u —t)

At L0, HEH P(T) <u) =1 XMEMT w > 0 gor, B 7o = 0. X3t
B X BIBE L R TC 2GS x- BiAEZE. e b X WHES x
A S A WA TOLE, (HEEMRKERNZ.
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24, S # X = (X,) SRR 59 Brown 3£3), % X
t
Yi(w) == / Xs(w)ds, t > 0,w € Q.
0

XA & H A Riemann F4r, IEAR: Y = (V) & Gauss 1372,
REBIH T ZEE cov(Ys, V).



FtE HEASHEERANE

HZE Brown 23 FEARE S ESL R AL, P A% iy bl
LM, ERMPE R EAGH, AEETIATHEREOL
PR R RS TR IR T REARBLER A
BIRA—IR A2, EEERIFH IRAEE, X2y
Brown jZ2 3 HLE AR E SGEF B, 76 19 et
f5, ¥k Weierstrass #35 f)— NS IO AL 7T F: 0 2R
¥om R, XHE, JUPFEAPIE AR .

]

o B, FERH
o HEAHLIE

o —KAE

o KA

e Riemann-Stieltjes R

76
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1. Wiener fy#Ji&: Brown iZ23IHE T EH L, HA Wiener AL
HSGUER T Wiener JUFF (k2 Brown i23)) RIFETENE, BFH
M7 AR MFRHE RS A BENLT S {gn - n > 0} RLASS—FF5
M3 T Brown i23). | Fourier &%, & X

A seks B [0, 7] EREIER 1 —Sole sy, IILE Brown i23).

2. FEALYEAY IR w00 BEYL AR R E R, {5 BREERMAER
BARAR, HREETTHEREEEEEAR, IRl iHisHT
FHNREL AN AL AL A AL R, SEPR B2 A iy BEATLIE 7]
W, RIRESE A R SR A Fir e & A REAL AR AR 89, Hean PRAE T Yy
BEPLIEBCA TR BENLY TR, — Bt a R IAR & Y 2 X iR
B #ATE X EZEE, B X A0 BOEREL. AR TR
AR, IR AREHLAS I A5 B —E, 110 20 A7 e RO BE AL
—He ERAFEE B R BEVLAS BT LUA M R R REALYE, R 9 REALI:
A — AR R {5 5. Brown B3 E&H L/ UMM BRERMR
Z, WA EHERLAZMIESHLA R, XA ¢ > 0, X, AZIES
i, {E Wiener #y5i R8I 1E SEFR_EBESLAE /] RS I SL A AR e
IEAATHEAL A & L, T AT AR IE 250 A7 B BEATL A T2 mT LA
i [0, 1] L s3 o AbEAL AR A IE HRAY, Brld Brown 23]
FHIBENLIER [0, 1] EIS0ARY BENLAL BRI REALIE R —FREY.

3. 5 Brown @A % X = (X;) /& Brown 23]

(a) (X¢) W
(b) HEMLEFR (X7 —t) &8
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(c) BEMLIE AR (exp(aX; — a?t/2)) 8L, X i B JL{T Brown iZ3)
exp(X;) —MAERL, A TEMER Brown i23) X, —t/2 1)
R R

BERH X7 —t B B > s >0,

E[(X; — XS)2|ﬁ5] E[XE —2X; X, + Xs2|cgfs]

[Xt2|ys] + Xs2 - 2XSE[X25‘§$]

E
E[X} - XJ|74,

M Xy — Xy 5 Fs WL, Frid
E[X2 - X2|.Z,] =E[(X, — X,)2] =t — s,
B X? -t BB TR B X, - X, 5§ Z, Mo HIRA
N(0,t—s), Hit
E (e"X—X0)|.2,) = E (e?Xt~X0)) = eo(t=9)/2,
i (3) AL

4. i AEEZERTEIETE, Doob REALIE 1k & BTSSR AL, 5 B Hh ]
THIERAU, YLREHLETE] T : Q — [0, co] BAERHZIEXHET ¢t > 0 F
{T <t} € Z.

EIE7.1 WIR M = (M) BBH T 2&—MEr, IBA (Miar) )2
Ly

AR
E[My] = E[M;ar]
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XHEAT ¢ > 0 )80z R ERESCHAR FRAIH A, Bor] AR s R 22 (IR,
HAarTE 7' = T, (a > 0) B3040, FATHBI R R3Ok
fie FHEMWANBA . LAUHERE Sh25

obXe—5b%t
S, R4 i A AR
E <emeTf%b2(t/\T)> _1

Lt — oo Bf, Xynr = Xr = a, FIREEUA] ARG T . (HARFR 551
G ASce? pPEd e B, QEHEEmMER -5t 5
w TERH SR AR RS CE B T Hoy ¢ AT < T, BB
Xinr < a, LAS, BT HE b >0,

ebXMT S eba’
F—H5y, e VD2 <1 FHITE b > 0 B RASSHE, 15
E <e’%b2T) = e’“b,
B 0 = b°/2, #EH T () Laplace Z54 2y

E (e’eT“) — o~V

B PR, — N EREEVIAR LAY Laplace AR HME—HBf E T EHY
it

5. BEAHUIE: M —MEWYRL T2 S LB R — R AR HUE, FA
T P RER FEA L 2R, ERA RN TIREEHE T i PLiE &
FERATREVER R/, NG ER, —REARER AR 2P
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B, MBS HAL A BIREAPLUER A TEL. BERATE
HR—FHEAPUE, FZIHE LR IE N B C Al DX —Z 5
A PR A OLACR R A E S IR LR 20 R A
W BA XAV SCRAER B T RSB ATHIE L TR BEHL AT Y,
ETRBREA G HAJE YL A REAFR DAY 1] AL

6. Yl EARIEW: TERATEAE EXF Brown 12 3 HEABLIE MR
HEEToMAT. BRI G, AT RECE L2058 W o6,
Ry 3 AT SR BRSO TG ST IR AT I, FR ARG A R B It A,
2R FEHE MR SR REBIEARK S, (2 Brown 23
BRI — MR, AT BEIEEXA R, RITEETFELE—HEA
et i R A IR R Y S R SGRIRZEAEIE? A Donsker
HAAS R HEE, Brown i23) BARIESE, (HE & B EAEEH—2K,
ERAGEMREMFESRITGEABLEMEHE, BRI ANFR
FIRE H AR MBI BIBFRREE. RFRAT17E 2R R R X P i iy A6 1 v
Wg?

7 LT AL FEMERIE T, KRB A LT A ALAY S SR I R
FE R, MR A TR R TR, B 7E— MR M
b, R PR LR ATARRY, HAE [0,1) RN, SR
BRI LTI AR TTARAY; 75 n S22 M) ste il S TE A AT n A
i, TR AE TR AR M R R LT R T ARRY. (LRI BT s
A REAR 2 AR 2E AT Brown 23 X = (X, : ¢ € [0, 1)),
B w, B4 X, (w) 6T ¢ RAESERE FyHAsuE, &%
SR JLT A R A B ARG 0.

8. MBEIMRIIRE: HI& [0, 1] RAESREE v = o(t). (EFERENTA]
A AL X 1] By R 2 [0, 1] JURN T O7fE.) X T e BR
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Hed, — A EHRBESRRE, — LR B Ry B L 25
V% e v] LA BE R, (EURE A MIEE? SRR TS /M,
FRAERE R A

O=to<ti <---<t,=1.

LR EZ R EN, RBEGRNRE Lz) §EA/NTW T
R A, AP

L(z) = Z Vit = tia)? + (a(t) — 2(ti1)?.

BHA= AR, Al — RHEE R w2 a8, B A
e R R E XN

L(z) = SXPZ Vit = tia)? + (a(ts) — x(ti1))?. (7.1)

R BRI BETCRR, 7T ARG RO B — e IR A6, B IER
IR AT RE ] H — 25 K B OB 2%, Fr AR TN EFH
PRI TR SR IR R A DG I R BE. T B 45 R B AR i — 13
LN
SIEE7.1 WURREL « = x(t) 4 [0,1] R#LEW S, B4 L(z) < oo
H
1
L(z) = / I+ 2@,
0

9. BB BN ARy, BAOVREEH AR TR e
EVFR AR %5 30 0 TER, X LA K5 T By B iy Rl e B 2
. {09 T 4 G BRARAEE G TR L, BRATRT AR RE TR 5 T 1 A Rl 2
A TR, RN IXE [0, 7] W—FFeRlf Rl =0 sk, X
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10.

11.

n>1, EX

T oT (2" —1)T
An = 7_7_7'777117
{O 271 2n 271 }

MRy T27" BS540 K, R 2 4 Ab B T — Ik Rl o &
BRI, o SR, 4 n BT IR, RIarRE
BTE HERNTHBEWINE, RITSZHEMY Ko A = {t}
TG TE.
BRI A2 TSR

Do lw(t) = a(tia) <DVt —tia)? + (e(t) — w(ti1))?

<1+ Z 2(t:) — (i)l

JIrEA L(z) HRRFTERAM 32, |o(t:) — (i) | BITEA R, BRI
PREL » fERI A BRI, & X

V(z) =sup Z () = 2(tia)l; (7.2)

EMHE ¢ =o(t) f—REZE. B Lz) < oco ZHAY V(z) <
oo. AJRANERH, — M pREH—R A Z AR Y HAY B 7 LAE B
AN R E A 2.
HUERR: W2k y = y(t) 2 [0, 1] ERyEZEREL ABAFNIVERIS
A BT ERE x = x(t) B Riemann Fl

Zy(sz‘)(fﬂ(ti) —x(ti-1)), (7.3)
Hrr s, € [ti tioa]. BRIREE « RAEARE—REZE, IRaxlsr
A ETEE, Riemann MR IRFAET H S s (IBQETCOE, WH
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12.

13.

FATI AN i1, DX

| vaato
A& Riemann-Stieltjes F14r. B AEMEIEE BT « /)
AR, TIBUN AR RTAEFE AR, 2% o BT SRIE, E
IR S8 AR 8 Riemann R

[ voaeto = [uowo

T T R B BA (A1 AE, (ELIE B L F B3 eR A AT Fh 1 SR g 2.
EIR7.2 LR A BB TER, Riemann M (7.3) MALEESE
PRECE A RIR, T4 v BHR—IRAEZE.

R HEAEH: & f 2 R BESTSMEE H 2 FHER—K
AR 2, TR LTHAR 3 A 1 B SL

f2(t) — f(x(0)) :/0 f'(x(s))dx(s), t € [0,1]. (7.4)
TRARZE IR Y (x(t) — 2(ti))? BB @ FERI A R# TR
AR, WA A A T2,

Einm . (w(t;) — 2(t;1))?

FAE, IRAFATUE © B KB ZEAETE, ek (o), WRTE, ROT7E
AR AR R XA AR 2k A K] B iR AR 22
5I387.2 AR v BEHAAR—IKEE, 4 (v) =0.

JERE: 4

z(A) = max{|z(t;) — x(t;—1)] : 1 <i < n},
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Rab R AZMETE, 2(A) BT, FHit

(x) <z(A)V(z) — 0.

14, #77icsh: HENUFS) (&) W8T ¢ BEFRRME X, HinE
A LTRSS H D7 B, MR B B RE A w, €a(w) BB
B, MR ERHTF (), WA & FEbAR w BBET ¢ LT
KRS SR 1 S HE AR %, TAS S IR B AR S IR R 45 T
E. R
E[¢, —&* — 0,

IRAFNTU & BTTWET € EIT s JL-F- b b Wi S5 %A 2 &
KR, ENRARE AW (EJE 77 BT e AR
S, T HL AT LA A — 312 LT A b e sy

15. Brown 23] IR Z: T 7, WiERNTERIMA B = (B)
FRE S H AR Brown 23], A JEIXH] [a, b] BXI47,
RT3 % BA) BT b—a.

WERE: B FIES iR A
E[(B; — B,)*] = (2n — !t — s)™.
P R 1 B A Sz

E[(B(A) = (b—a))?]
=E[Q (B, ~ Bi.,)* ~ (b~ a))’]

i

= E[Z(Btz - Bti—1)2]2

i
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16.

17.

- 2(b - CL)E Z(Btz - Bti—1)2 + (b - CL)2

=K Z(Btz - Bt¢71)4

+E Z(Btz - Bti—1)2(Btj - Btj—1)2 - (b - a)2
1#£]

= 3Z(tz - tifl)Q + Z(tz - tifl)(t]’ - tjfl) — (b — a)2

i#]

=2 Z(tz —ti1)?
E5)lid =3

. 2 1 2
lim E(B(A) = (b—a))* = Iim 2} (1 — ti1)* = 0.

XA 8 FRAR T U A R 317, Brown 12 SR X ]_L A ik AE %
HOEIERY, FILER —IRAZ T 2R ICIRE, Wil 2 ErHEL
FEARAE

TWRAZENFE: N (X)), RMALERE X EXE [0,¢] B TIRAE
2, MRV R (X) = ((X),, t > 0), Hh X R ETR,
R T 2 PR Brown 12 3H) IRAFZEMFESE ¢, Bl (X)), = ¢,
X AR R — R

JLPALARRYTE SC BT Bl 9 IR AR 22 R O IS T T, (B2
AKEIERAFE RO SRR IR R 70 2 8, AT RAERJL-F- b Ab WSkt
BT [0, 1) f =532kl 53

Ap={k-27":0<k<2"}.
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18.

19.

A
E[B(An) —1)*]=2-27",

i1 Chebyshev AER

2 2
P(IB(A) =1 > 1/n) < -

e > P(|B(A,) — 1| > 1/n) < oo, frJaH Borel-Cantelli 53
FRAEZE B(A,) LA AHECT 1.

fl: B f 2 R LS 3%, B = (B,) /& Brown 23], KEEHL
W X, = f(By) # IRAZSRE. B[0,¢] Eavkia A, B EE
b2

Z(f(Btz) - f(Bti—1))2

i

=D (f'(Bs))*(By, — B, ,)* = (f'(Bs,))*(ts — tiea)]
+Z 2t — tia),

A BAET 0B, By fBHR, BT air— MR BT 0, 5
“ANAJE Riemann A, @& T8 % A, FHi

M B a<0<b, T, T, 4352 A H &) Brown 323 B IRl
2 a,b fIETNE]. HBOTERK P(T, < Ty), E[T] A& T # Laplace
A, Horp T =T, AT, % R8RSR, XHE(T ¢ > 0,

EBT/\t — 0
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4t — oo B, a < Bryy < b, RILH RS E T EBr = 0. T

Br = alyr, <7,y + 0147, <103,

HI aP(T, < T,) + bP(T, < T,) =0, Bl
b
b—a

ZHLET, REAB (B — 1), 2l A,
E[B?,,] = E[T At].

SRJGE t — oo, ZETNY FIHE WSl E BRAT T 1 B Wi B0 e A
E[T] = E[B3] = ’P(T, < T,) + V’P(T, > T;,)) = —ab.
ZKAH, BSL T #y Laplace 284, N i% FIHEH08L (exp(AB, — At/2)).

B R A2 i i B A

E (exp(ABy — N’T/2) =1, (7.5)

P(T, < T,) =

)

ME [e#m; T, < Tb] +ME [e**QT/Q; T, > Tb} —1.  (7.6)
BORARASE B o7/, HRAEE (cxp(—AB: — A1/2)),
A

E (exp(—ABp — XT/2) = 1 (7.7)
il
e K [e_’\QTﬂ; T, < Tb] + e NE [e_’\QTﬂ; T, > Tb] —1. (7.8)
2 inh(\a) — sinh(\b)
_xery] _ sinh(Aa) —sin
£ [e ] ~ " sinh(Ma — b))
HH sinhe = (6" — e ™) /2. ML ZIT5E] T # Laplace AF .
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20.

21.

AR B A E] Brown 23— S EEM— KK FEL. BAE
SHEME KB EL v = at + b 18? BRY o, b REREE,
[ SiFE EG? PIFERYG. B a, b > 0, IB4 x = at + b B—5AEM
Mz b RIRIERMEL, 4 T & Brown 23 B HRMEEIX A EZ
FRsFTE], B

T =inf{t > 0: B, = at + b}.

K P(T < o0). WESE BB EXRNITINES, FAHEL
FAZE R TR E EAN S, TR I 5 5%, 38411
X BA BTG, — AR A EE. BA exp(cB —c*t/2) Z&
B, K Doob A EHE, XL t > 0 F

E (exp(cBiar — (t AT)/2)) =1,

B K Biar < a(t AT)+b, 8RB ac—*/2 <0 H ¢ > 0B, ¢ 7[R

BT IHI5, K
2
E {exp <(ac - —)T)} =t
2
Jifac— /2= -\ %\ >0 BHER ¢ =a+ Va? +2X, 4
E (e = exp(—b(a + Va2 +2X)).

R kX = tBy, KX P kAEE <X> WERH: Xy = tB, —
f(f B.ds 2.



EFNE EILERS

AT BV 2 1o SIARY, Frisioy It By, B
HEPLI T B B B, ERERR Riemann-Stieltjes 7
oy, (BRI IEE W ST I, ERAFE A P07 7]
R TE] Y SE & PEIE TR, 24985 Brown i23H) R4

RG]

o 175 ] FHE

o TIRAFETTR

o TIRMAEE

o JU/Acv S Riemann F1
o FEHLERS

o FEALAR 7> %] E & 2

89
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1. 74, % B = (B,) /& Brown 23, BARMNEERILHN (F),
T BELLFEGHRTER, HIERR EARBEREFUERA E X
i, BT BRA T EAL T A /) P- MR E TR RS LT
ANB|&A 7 B2 Gl iXFRALFRRTHL (#:) #5209 Brown Ji.

2. B BEERNEE L—NEVLE R F = (F,) 2T Brown i23)HJ
Riemann-Stieltjes FR43, {H & Brown B3R A G, BIEH
FEARBLE R E L

/0 Xs(w)dBs(w)
HEEES 1. (HERATTAES TS E T (B TEE S

IKBERSA B CF) SR8 X Riemann FIAJUCEL, X ERE 16 BEL
TR AR

3. P AR Ay AR XA [0, T, — MR M = (M,) #%
RIESET 7 AT AR, SR
(a) BELE: LA PLEELE,
(b) PR R t € [0,T), EM? < oo,
(c) TR XHEfT ¢t € [0,T)], H M, € F,
(d) Bk T T >t>s> 0K
E[M;|.%] = M.
X B AR Z Brown i, 2485¢T Brown JATEM ZIE FROBL 24

LU B mE Mr R, T 757 i BB e R R 2 =2 ],
B gy BnE — AR, A E R R,

[M] = {E[MF]}'?,
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RATTLGER S 44, WREN Cauchy FIAHIRL BOXHF 7
MBS EXEE.
EIES.1 # MO B A BBYFSIER Y nom BT EIA,
|0 — MO | TR, TR AFEAE— AT TR M = (M,) {75
|20 — | ¥

4. HRE: BLUEASERE, SCHRIERAMREE M = (M,) EEgid e, X
BFEELH Doob ARG T.

Efmax{M?: 0 < s < t}] < iE[Mf]. (8.1)

ERH XA G E 2 B B WIH) Doob BUEA e FE, (Hid 215 A
SR, BB S [4].

5. —KABZ: Hie, 5 Brown 23—, B THETHE T 1), F
J7 TR L BT BB ) — IR AR 22 BJE TORRAY. SR T,
RN RS2

E[M} — M) =E | > (M — Mtfl)]

L ¢

=E Z(Mtz - Mti—1)2] :

L ¢

VEP U bul
E[maX |Mt¢ - Mti71| ' V(M>]7

Het V(M) (w) & My(w),t € [0,T] BJ—KAEE. WR-KEER
MR, BRI G THn, i EEESETE, B

E[(Mr — My)?*] = E[M3 — MZ] =0,

HEH My = My, FEWXAEA ¢ F M, = M.
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6. YR ZE: PO7 AT AR R AR S AR AEME—, X2 BENL BT
REEME R MM, (EAATEME LT RN o3BT S ey
— e, JEH —K) Doob-Meyer & BRHFFIATE L, Doob-Meyer
7 FIJE BRI Doob 43 fi e FR A2 S B [H] iU AS
EHES.2 4 [0,T] RIS THR, IR %

Z(Mti/\t - Mti_l/\t)2

(2

ST (M), BRME——AMETE (M), = 0 ELAE M2 — (M), &
B S

TERA R BAE: X [0, 7] ERgdisr A & X
X = M7= (Myn — My, )%, t€0,7),

HER X2 2 PO AR H 2 A A2 T2 707 ] AR B 2 a Y

Cauchy 1], IBATERIRMRELZ M? — (M). 2% [4].
7. RIEZE: B M = (M) f1 N = (N,) #RTI7 A RS, R

A7 X

<M>N>t = §(<M+ N>t - <M>t - <N>t)
s
> (Mype = My, 7)) (N = Ny )

)

LRI TERNRR. BRI (M, N) J2&

(a) P EELEHE I TR A 22;
(b) 158 M N, — (M, N), 8k,
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FINE SR R X S ME— R (M, N) B RAN B R
(a) XFRtE: (M, N) = (N, M);
(b) &M (M +M',N) =c(M,N)+ (M, N);
(c) W% M, N M7, H4 (M,N) = 0.
8. I #% BY 5 B® EFAMALA Brown 23, iEH: BT
RS IERE (BW, B@)) = 0.

9. ey R Riemann Al: Sefj iR F = (F) RESEFRHXT
Brown iGN AIREALEFRE. A ZX[E [0, T) AKl4r, & SCHUZC i i
#J Riemann FIFEHLTFE

(FA-B)t = Z Bi_l(Bt,-/\t - Bti_l/\t)a t<T,

=1
Hr P2 250 B BN 72,
FA:=F, , te (tii,ti.
XHEEHERRATTUBEE B n DNHETLE R AL
51388.1 IR (F2.B) &P BBtHA Ito S5

T
E(F2.B)% =E (/ (Fﬁ)st) : (8.2)
0
10. YEBA: (1) P05 rIAR S F07 R EEIXHMEAT 4,
Mt(i) s = F o Bune — Bi, i at) (8.3)
0, t<ti1;

- Fti—l(Bt - Bti—l)’ te (t’i—lyti);
Fti—l(Bti - Bti—l)’ t >t
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11.

12.

Je VI P ARB AT DL T SR B AR, P O7 A BUR B AR Y,
By F R (2) Tto %HE: (F2.B)F 43O B 38 U, %
TP O, MRS R MERHEN B 5 B, — Bi, RISLHY,
&)

E (Z thil(Bti — Bti1)2>
-YE P2 |E[(B., — B,.,)
=Y B[R] (ti—t)

=E (/OT(FtA)th) :

XT3, A AR AR B T LR E TS T 0. B 1R~
.

SR w0 <t <ty <ty <ty BEVLAER & n 2Rl 1, 5 F,
AL, JIEBA:
E[g(BtQ - Btl)U(Bm - Bt3)] =0.

Wesk: B

T

lim [ (F2— F,)%ds =0,
A=0 Jo

Frh A TR (F2.8), ¥rRSF AT v R AL AE
i, ok (F.B), & t
/ F.dB,,
0

EWAAR F T BRI (0, ¢ LRREHLARS. HoTJr iR
IR SEtE, BYRN — RIS RV 77 F B A Tto SR

2

E (/Ot FSdBS) =E </Ot Ffds) : (8.4)
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13.

IR ERA T, B FORIELLE N IR PR

E(ATﬂM0<<m, (8.5)

XIFXAEAT n, FAn T B WHENRTES8E X T, H
T
E(/(E—EAM%Q—%Q
0

FtH Tto 885 (F A n).B HHE, BHE F X£T B LY
F.B. "] AREALE 0 i FEAL I R ZGE v LYK, (HERATA X 4
BT . A LR A R R IERE LR 432 T ] AL A i &%
.

BENLAS: SR ATHE BT Frift A RS N8 B, HSe B B 52 3, iF J2:
FEATE AR 2 — M S AR AR, B e AR E R 5
MR, VO RBE— N N EEREE, | 27 FR,
BRI B DL R, B R B S A R T, 1
BAKE, M2 HAE, FUAEENES, BEETEN,
Br A Hilbert %58, ‘& BLIE A 42 T- 07 Pl A B (A R B 1 — AN 1A
T, f 7. WRERE 27 075 BRI 5 A6 B,
o B A R SRR E BT R F = (F) &FE—E, iTh
22, B E—A Hilbert Z3[H], 12 M EM L E. HAERE
BB R 23] 22 it F AR A6 it e FLB,

F s F.B,

AiFRA 160 BT, B — AR IEBUN B . RS AE R E?
SEXt 22 R AR AR ) 2 X Tto B, AREENL Tto EE

siEmi =5 ( [ Far),
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14.

15.

e AR T IE TR A ey s SOBGEH B % WIAE 22 Bty
THABENLAR D T AR REAR S i SR B, (EORAL T, 78
e —UWFRNTSIEN, WRHE Brown FiHIW, A ERIEHAS,
RO P Y B R < HE

IBRFN: ARG BAFAENE L S IR AR ZE AR AE PR IE B A AN
B PURR A, X MG A 2, A T AN TE
Mt 2298, AFRFERF BN 5RENR T LT, X T8 %
W —HE, R ZAERA B LAy~ ARt R RIE 8 AU, DRI
FRL A A W TALAT R AT

T
E(/ F,?dt) < 00
0

HIELLE ML F = (1), EXT Brown 23RN 2
—NRTHFE] ¢ BIRENLE TR

t
/ F,dB,,
0

BB S ) Riemann Al

Z Fti—l(Bti/\t - Bti—1/\t)

LRI AR A T A R TSR (B AR RIARER, XA
FENLAR i BB BIC oy F.B = {(F.B); : t € [0, T]}. AINERY
TR SRR .
(F.B), = / F2ds. (8.6)
0

(8.6) AL 1to S (8.4), ENIEARH EE, BHEHXA,
TRUERH T T W L, B AR T
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(a) (8.3) e X H MD F

(MDY, = F2 (¢ At —t Ati),

ti A\t
_ 2
=F, | / ds
ti—1 Nt

t
= / FZ,71 1{56(ti—1=ti}}ds'
0

(b) XA 4,5 &
<M(i)’M(J')> —0.
P2 M — 1, XM FER R R MO MO 2
16. KT 77 Al BB REALAR 7SRRI AT LARE S F ST 107 Ak
M HIBEHLE 7 .
/ F,dM,
0

& FM, EARE—A Tl fEHA
FMY, = F2A(M
(FM), / 24(M),,

BRI RGY, BN (M) B Esms X HRGR
F = (F) RO%ELEE R EL

E </OT Ffd(M)t) < oo,

11 ELJE T AT R R . T i A BERLAR 7 21 ) 8 B 5 TR
HHHA.

EYE8.3 BEMLAY .M SN2 T T AR R ME— B P J7 A A B Xt
fEfPI7 IR N A

(F.M,N), = /t F,d(M,N) .
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FEEAN SRR

17. ¥R BEVLR > Sl AR AR —Ff, B SEPR EAJE R T iR A
Wy, B GEE RETATRE S S E80R G, HZ UK 252
IR ARR AR I3, S O E B P AR MGG W By, B e Rty

t t t
/ (. FV + ¢,F®)dB, = ¢ / FWdB, + ¢ / F3dB,, (8.7)
0 0 0

Horft o1, 00 BWHL TSN WRAWAELR Y, A4

t s t
/ G.d / F,dB, = / G,F,dB,. (8.8)
0 0 0

X P 5T R DA ] S0 BEALAR 20 220 1 8 BEUERA. EEAIERA (8.8),
FEBCFIT AT B N,

(G.(F.B),N), = /0 GLA(F.B,N),

t S
_ / G.d / Fd(B, N),
0 0
t

= / G,F,d(B,N),

0
— (GF.B,N),,

HM—4E, G.(F.B) = GF.B, H#t GF = (G,F, : t € [0,T)) %
P FRAY SRR, T THS A5 Ud B B R AR MR A — R —
.

18. I B F, G RRMWAELLE VIR, IR

t
(F.B,G.B), — / F.G.ds.
0
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19. FERE: HSX BLAE 7 5 T RELER 70 Y e R 2 [T R B2 ) = s
BB, BRRZSERRICIENE 1), Rl Bt F 2 ERR
SHY, HRT eSS et lER XA TERIEWR, C48
H T AR .

20. il SKEEHLER 5>

t
/ B.dB;.
0

Ak A 2 [0,¢] #yklar, A4
ZBt ~ By,
= Z B} — Z BB, ,
=1 =1

= Zn:[Bil — By, By, | + BY — B
P
=> B (Bi ~B.)+ B} - B},
PR 72 3 5 1 Riemann il
2 ER:BM (B, — By, ,)
P
= Zn}Bti — By,_,)" + B} - By,
P
BB, ZE R PR BEHURLSY, AR R R R kA 2, 18

t
2/ BB, = B} — B3 —t.
0



FNE FHR L 100

WA HEEHLR 5 IR AR ZE VIR R, FSNEE AR EA
PAEIX BLICRK, [ Dk IR o AR g BE2& SRV %2

z/ot B.dB, - B — B2
21. PR ¥ M B PO e s dnif M2 = (M7?) &8k, S XH A

t, My = Mo. WERT: HIBTER E(M; — My)? = E(M} — Mg) = 0,
Jﬂﬁ Mt = MO-

22. 2 e M VI AR, MSRIHARf O R ARB N A (M, N) =
0, IERH: XHEfT ¢, M, = M.



FLE FEHEAKX

HE A TRV, $tA 5 RN 7Y [0 8, 8
Z\ i 2 22, FEHLAR 7 M1 2R BRI Tl W AR 4y, (HR
SRR AR GTRERAXAF TEE RS, FEHHN
FHEA, BT ETHRS TR Newton-Leibniz
AR, BB BV ER L K3 R A EF
BEAZ

]

o EZBL

o PRI

o AR 25K
o FEEAK

o fEXCH
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1. # B = (B,) J& Brown iZ3), (%) £ Brown iil. EHZ—ANERAIHE
LR X RARXHERT ¢, X, %F 2, 7, WHER X, B Brown
B3 ¢ BHEIRTRO (BB TER R T TS R R R e
i,

2. AR —KAZLR: BiE—PMEVHEELERE V = (W), ERJLT
PrA A BB RS HA A IR — IR 2. XN TAERELE Y
HIBERLIERE I = (Fy) AT LLE SGEHE AR

t
/ Fv,
0

ERMFEAPLE R A S 8 Riemann MIAHRERAE E SCHY, HEIHY
T — AR — KR ZL R, Wiy FV.

3. B ESRIRSINR T AURH T, AR — RN RR
X WA —AFJ7 Al iR M I — A R — IR A 2 ) B 2
NEEHLERE VR,

Xy =M, + Vi,

BARA T X SRS TATEZTLAZR Vo = 0 LRI
R, B DX ] LA AR UE L T X R o R M — Y, 5 00 AT RE A
E—NHEE o X = M+ V By

4. FEALAR N B0 FORIESEEINV SRR, HARME L F T8 X fkE
LA

t t t
(FXﬁ:/}QM;:/lkma+/Pmn, (9.1)
0 0 0

BEE
FX=FM+FV.
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Bt F T X BUZES A Riemann fl (B BRI Ik
FR. EA F.M 28 FV B8R4, Fril F.X RN
FRE WAL

5389.1 & K = (K,) BEgE Vi, MaGR—KkEEV 5
ERZRIEZE (K, V) =0.

WER: BOTERI > A ERTERAEZE

Z‘(Ktz - Ktifl)(‘/;/i - ‘/;‘/1'71)|

i

< max|K, — K;_,[-V(A),

M V(A) BF, K &S, FrikkinzdnaTEe, s TE. 5
BV SAEATESHE Vi FR i) TIRIMVE R ETE, LA T
T AR

(a) (X) = (M).
(b) BH—AEB Y = N+ U, B4 (X,Y) = (M, N).
IR 2 A3 R A 22 T A 22

5. XAERATR AU T8y BENLAR 0 40 8 T3l H i ARy, 248
SFTERE, T B AR HURE R R, HOA 8 B, A
JEFIERRERLALY.

6. FEHLRR A A A 2R U, V BAR—RAEZELRE, R4
SRR R A R

t t
UV, — UV = / U,dV, + / V,dU,. (9.2)
0 0
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NP4 I 08 125 0
UV = %[(Ut + V)2 =V = U7,
FHEEARTT S U =V e dkkE
U2 - UZ = z/ot U,dU,.
Xt Brown iz 7,
B B2 :2/0tBsst+t,

JETEHY t & B B IRARZE. SR REER, WR M = (M,)
JE P07 A RRB, IR A

t
M2 ME =2 / MM, + (M),. (9.3)
0

BT RRGXANIERA, FNTAF2] T 1 5 T2 8 70 #7225
EIR.1 WX JEELEE R4

t
X2 - X2 = 2/ X d X, + (X)), (9.4)
0

R TAT PRI TT DAt o (E (T8, X, Y
t t
XY — XoYo = / XY, + / VX, + (X,Y),  (9.5)
0 0

R X, Y Z2—8AYED, A (X)) =0, LRaEw e
#HAR A

7. (i REE ARy, AR LUAMOT 5L, A5 (9.5) A5

dX,Y; = X,dY; + Y,dX, + d(X,Y),,
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X P ERA P2 77 28, A I T T 1) 5 VA B 7
XY — XoYo = XY +Y.X + (X, V),
Hr XoYo BRUESET RN R XoY, ML TR
8. fi: FENLIERE X, = t By, ERMW BTN, HoilRoas, 14

NSRS 1Ty
t t
tBt:/ sst—l—/ B.ds,
0 0
AT —IRAE 2R
(X) = s = g
= /0 s as = g .
A, FEVLS R X, = B} fE 6%
t t
tB? = / sdB? + / BZds
0 0
t t
:2/ sBsst+/ (s + B?)ds,
0 0

BRI ZIRAEZE t
X)), =4 2B%ds.
< >t /OS S S
B 12! t
E(X), =4 2E[B?|ds = t*.
(X), / SE[B2)ds = ¢
9. fi: B> M BRSO EE B2 = 2B.B +t, HH t TRt BHAE
Tt BRENLE . ARYE (9.5)

B®=B?>B+ B.B*>+ (B* B)
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= B*B+2B°>B+ B.t+ (2B.B+t,B)
=3B%B+3B.t

W EUL B W28, 3B°.B ZBSy, 3B.t AR —IKEEM
g3 R A B8R0 2 T ATE R

t o 1 t
B'— Bl = n/ B"'dB, + ”(”2 ) / B2ds.
0 0

XIS, I W I HARYE BEALAR 23 5 et B0 a] LA™ A% HUUE B, 4
R fR—AZIK A

! !/ 1 ! 1/
f@»—ﬂ&ﬂ=£fumﬂi+54f(&M&
OB A R 4

10. B (160) A
EH9.2 K f RIIREZA S, B4

! / 1 ! 1
$8) - 180 = [ rBoas s [ B 00
KRR

Af(B) = /(BB + % F(By)dt. (9.7)
Fefohtth, -5 AT AR B B A X2
AF(M) = FM)AM, + 3 (M) (M), 93)
R A
AF(X) = FX)AX, + 37 (X)(X), 99)

EMREATE 3, LR X AT E, (X) = 0, X 2EH
H ) Newton-Leibniz /A3
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11 PR CHUER: 160 22 SXAYIE R 758 W JE W h, —Fivl w2 1

12.

AT, AR, FAE—NZIXTFI [, EEFRER—
Br BB RO R — B0k T f KE—- SRS e X
PR 160 225K [HRZ A SUL AR TEA PR IX 18] L #y, BT
PAZE % SE il Ltk B 5 M TR 55 O i A H —fr
EE B, e S a, b §9 X [8] EAFTER € (75

£(8) ~ Fla) = f'(a) (b — ) + 3" (€) (b~ a)",
i

n

F(B) = f(Bo) = Y (f(By) = f(Bi,.,))

=1
- Z [ Bt 1 Bti—1) + %f”(BSi)(Bti - Bti—l):| )

Her s € [tioy, 4], ERBIMEEHFIEN. 2 n BTN, 5i—
W7 & TR, J5—0i 0 a T kAR # . Bk e —
Iﬁiﬁ’ﬂ*&ﬁﬁ, HEE

E (Z f”(BSi)(Bti _Bt 1 Zf” t _tl 1))

WSk T s 1, i LA Sl

m* - E (Z(Btz - Bti—1)2 - t)>

Horbom 2B SR £ ZEX] [0, ¢] _ERYZERS EF R)EFIA Brown
BB IRAS R R ITHCSO AT LA T

R BV SRR SR BRI B AR, R RUR A
2], ARJEA PR BUTRBUZ B, | Ito AzUR |, SFBE & —
AIEH R R B.
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13. $880 A BT 7E Brown 28 Il—ifH E £t Brown 2 3#)
X, B
eaBt—a2t/2
W X Tto ARRAESIEH, 18 X, = aB, — at/2 S48
Ito A3
t
eoBi—a’t/2 _ 1 - / eaBs_a25/2d(aBs —a’s/2)
0

1 t
+ 5/ B 24 B, — a®s/2)
0

t
2
:a/ eaBS as/2st,
0

XABPR O & Brown 52 ShRYFER0E. — Bt I g B, IERHSE
(s
EFE9.3 WIR M RVIi AR A4

e(M), := exp <Mt - @) (9.10)

2
JERR, BROy M OETERCE, T EERUR E BT M IR

t
e(M), = Mo +/ e(M)sdMs.
0

FOULH L, FEEOBUR S 2 Brown 123 F BIBEHLA 3
dXt = aXtdBt (911)

I ZEMNXHER BEAL G SRR M B T . AL T R
UTH M TR, A —ERT RS ma e —riie, HER
TERERXRE U SRR O R SRR Ay, T BARME A T 2 R G0T7 k.
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14. 4 SRRV Xo =« FI (Langevin) BEHLHS 72
dX; = —aXdt + dB;,
B X. 4 Y; = X, B4
dY; = e (aX,dt + dX;) = edB;,

B, t
m=%+/w%&,
0

t
X, =e ™ (x —|—/ eo‘udBu> .
0

X JEE B Orstein-Uhlenbeck 13 F2.

Bl X, 17

15. B X, := B} — 3tBy;, WFHA: (X,) J&8 $2R: H Ito AR

(%)

ho(z) = (—=1)"e dd;n (aé) .

16. ~J: (1o iy —N452R) IR

n!/ dB,, ---dB,, =t
0<u1 < <up<t

H h, ZFrBEH Hermite 2705

w3

17. 2J8: 1%L Orstein-Uhlenbeck 33 FEf P 722
E[(X, — EX,)(X, - EX,)]
HOE 1> 5 2

t s
E[(X; — EX)) (X, — EX,)] = e “e *E (/ eo‘“dBu/ eo‘“dBu)
0 0
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FTE BFT-SBRINE

AT fEX5)a— ik, ROTRA AL A i R E
B e, SRR e 5N E AR i SRR e Mg
YL—&TF Brown JiAYF-5 AT ARB— & AT LG e T
Brown 523 FEHLER 43, BARIE T #ABUE M A o XU 58
W B FEAENE, A e e B 5L PR Cameron-Martin
EFL RTCIRYE AT — N EE G, J5R B — &
MEZ S E] b, AR Girsanov @2, B -5 HIBUE N 26
—RAR AR BERANTHX WA & T H Black-
Scholes FIIRUE A=K

RG]

o BFRIRE B

o I EEAR HR

e Levy By Brown iz )% H & B
e Girsanov AR

e Black-Scholes 7l

o Efr AR

111
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1. FEX — PR A TR 5 R B B ) 7776 [ B A SRR vl i, A
BB R A TTIR AT AR H, X A Bl IR E I B VIR R
W aR TR B RN TR ER S ) SX AN GE SR L4 & B R0, ER AR R 1
B RBES], XA R FARISAKGIEH, A
TERRHRAY Hir4ams 7. R AR EE T AR B ke
BEPLAT Y Tto AR TR A

2. WRIR: 2F Brown FATELFT LA Brown 23 HEHLEL AL 3R
R, XE SR Ito FHAY. WA E Brown i23) B = (B,) 5MA
THRERED, K T45H) Brown i (%), M = (M) V)7 nl L8R,
AN My = 0, FWH T B M, — My $EATAT . iRk
IREIERAfAAE B N R F = (F), 4%

T
Mr = Fssta
=
AR o Pt RSk, p ME— AR 8RR
M, = F.dB;.
J

MH F = (F) &% M ME—8E . BATHE 77 7R B 4o
B My HRM 2 ERS T Fr AR F- 7 TR ALAR f 21 A
23 (6] L (Fr) SERERAAY. DR S br B3R AT UERA T 1 Y e HE.
EIR10.1  (Ito) HENLAE R & o7 v, BT Fr "IN, IR 447
EME— & NN F = (F) {15

T
¢~Ele)= [ Pap.

3. IEMIMEE: A E¢] = 0. SERIRY BAER T — MR aing A
AXERRE. FAHE R LU T R BEVLAS AR Oy A LSRR ). G E
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BAUEA] AR B FENL AR R 2 — R 2ot 125 ). B84
B t
e“Bt*aTQt —1= a/ eaBS*%dBS,
0

It AZE X R BEATL AR F R FT DA SRR Y. P55 18 B — R BE A 5 Rk,
B f [0, T LRy BoEgeeki L, Bt

(if.B) = /0 if(s)dB,
OETERIE ISR

atf) = (i [ £z g [ Peas).
EWE T AR
S (f) — 1:/0 c.(f)d(if.B). :i/o c.(f)fdB..

WL RV, Ao 01X FERIREHLAR B A SRS TT AR R, BefE R EHE
AP RENL S 2tk {er(f) — 1 f} 7E L*(Fr) TS
T AR A R NS AR A R AR LA B ) SR
HIEAE, BIRHEfIXEER f A

E[n-er(f)] =Eln - (ex(f) = 1)] =0, (10.1)
M4 n=0. MiEX—HELCE L REMER, FE[H Fourier 48
Pt —PEfy AR

4. UEPIR AN BfSk SR v LA 7. (10.1) SFh T
E

e (i t ean. )| <o
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ERE O<t; <---<t, =T, fl 1, - ,x, € R, fEA
ft) = inlte(ti_l,ti]
2
E [exp (iz1 By, + is(By, — By,) + - - + iy (B, — By, ,))] =0,
BT 2, 2, RAEER, #EHIMEM 21, 2, e R A
E [nexp (ix1 By, + ixeBy, + -+ - +ix,By,)] =0,
HPESE I R ST RHMER B —E (35 17 W) 4, 5E
B R HORT L R 5 ek RO AR
Eln-g(Bi, -+ B)] =0,
PR g(Biy, -+, Bi,) XFERBENLAE 2 KAE L (Fr) HHE% (G
X AIE WA RARA G ), #n =0 as.

5. R MIERUN AT IERIA ], A8 LI AT o] LIRS/ H,
n =N — 1 JHREIE P — PSR, XA MY 77
AR EAE. (H L 166 378 2 BAUE R — METEMEIEM, A
JEME IR, N BATERR BB A BAE F R LR
R A AR R S A N R, AT REE B EAYRAE F R R
XA B A S TR 77 AT BB — SR L2 Y.

6. BREIEREB MR ZRR: BT IR A s2hr L E2ihed e
AT, SEBR b, R { X, 0 0 < < N} BRI SEEEYLI S, AT
B AV, BT {7, B el Y, T X, X
R, BETRIBUR R RAFAE Hy € Fp 1T

Yn - Ynfl = anl(Xn - anl)?
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L& = Xo— Xoy, ERUE 1, -1 B9HERA 1/2. RiX Y, EQFE
T, MAFNTE IR

Yn|§n:1 - Ynfl = anl

Yn|§n:fl Y, 1= _anla
Bt

Hyy = (Yalg,=1 = Yale,=—1)/2,
ForP iy R T X, -, X, DR 6 S8 T BRI GZRY £
BIRHJE & WWFIRPIAME. BB AT RLES { X, ) AHRREoREER,
XABARAF X, P w4 2 H Fe BRI n), B E SR
A, B SRR, Hln, By
E[25] = 5/4,
P Z, = (4/5)"2% 2 {X,.} M— %08, Br il {X,} Bk
I
Zp — Zn-1= (Zn|§n:1 - Zn|£n:—1)/2 ’ (Xn - Xn—l)
= 3/5 : anl(Xn - Xn71>7

P TR R Y, FTRARIERO {2, ) SRR

5Hn71
Y,—Y,1=
! 3Zn71

XEFTI I RRE M = (M,), HAs %o

(Zp — Zp_1).

W R R
deo (M) = ag(M) d M,

X B 2l B R R0 A T A B AR,
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5|310.1  B5HAERBUR AT L EARIRAY.

7. AR ASE R TER B T IE, FATULEA] LR R 2 B A
& WA SRR TG A R . LRI AR A R A S
%, NIFRRE, S8t J7 2 Brown 2311 RS ZE L BREE Tk
A A BEATLEELIX AT e R B AR S5, S A T H J7 P REJE R
Brown 123 B 4555 T Brown il H HEAZ AL, 535k Brown
1B 307 P AR H RS 22 B R e Ry T AR XM
W% E T Brown iz %)), X2 T Lévy 2| & 2.

EIE10.2  (Lévy) anR—MHEPLE R X & P77 el AR m B K
A (X), =t, PB4 X —E & Brown i3]

WERA: RAEAE RS, ML

eizXhL%th

TR, IR ¢ > s 5% 2, F
E <eith+%z2t|ys> — eizXSJr%zzs,

X T
E (eiz(Xt_Xs)|ﬁs) _ e_%ZQ(t_S)'

X 1E& Brown ;23 ReE, WA T X, — X, fharFab & 7, Hik
I ZER (t—s) BIESHE, Wl X = (X,) /& Brown £3)). JE
1 F % Fourier A8 3 fy 4.

8. B BE: B BE A MR — AR B BE L B R AN T D
AR — SR IN BE A O A BB BT BRI R R B —
gL, B B = (By) REMEZEN (Q,7,P) TH Brown iz,
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10.

11.

12.

Xy = By + bt, Hob b B— RS W4 X = (X,) A8, 3
TERNERRETURE N5 P SN P H18 X 7EHNE
TRBY MR IBAE N (X), = t, RS Lévy #9212
X USRS Brown 23

I EER AR AR SR FLUF AT © SR BE AR 46 i [] BEEA T B i

R BERXT FEATL I AT RE P ) — Pl kI, SRR — Pl
g BERE, (HERIEA SR REYLE, Bl HA SRR
AR P S T, A2 S PR SR A LR ATL Y.

Bk b8 A FERSEUIL T, T BRI BOSE B2 5, AL
B, AT i A 2 B 0 7 RO B, B — A . WT Y
RN R ¢, 4
P(A) = E((14) = E((; A).

WHALY ¢ PERRIEH E[C) = 1 8, P 20T P AFEEN
B, X BLAS eSS ERR P(A) = 0 24 ALY P(A) = 0, Bl
RN, B MR E . H E RRE P ke,
M 2FHEMTRENL AR X, &

E[X] = E[¢X].
S ER TR X PR PB4 HLAY S
¢ FERRIEH E[(] = 1.

BAE[EIF] Brown B3R IR 2N, 7 w& Fr, ¢ W EMENE
FERI S AR IE, R T Fr FIIH. E[C?) < oo, E[(] = 1. &

Zt = E[§|ﬁt]a
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13.

W2 7 = (Z,) B4R T AR % Xo & Fr AR
Ak, W4 X, = B[X7|.7) BT Pyt XHE(T .2, ATy
BEMLASBE A, P 2% P BT A M R 1

e s

X2, = IE[XTZT|%],
WA R X Z BT P
BIFE10.2 X = (X,) TR P 2oL HIYS XZ = (X,2,) %
FHEE P 28t
PR B B B B, 13

( =exp <aBT — %a2T> ,
M4 ¢ FFEAERBERSAE, Z = (Z,) MR, i
dZ, = aZ,d B,

M ¢ AREIETREEII A P BIAE X = (X)) R PBS EALYS XZ &P
B (HR AR AR

t t
X, 7y — XoZo = / ZdX, + / X.dZ, + (X, Z),.
0 0
FERIH, IR X BB Brown 123 X; = B, + bt, i 4

t t
(X, 2), :/ aZ,d(B), :/ aZds,
0 0
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14.

15.

A
t t t
X, 7, — XoZo = ( / Z.dB, + / Xsts> + / (a +b)Z,ds.
0 0 0

W4 B Ml Z TR P ay-F-J7 v AR, s o 2 Pk,
Tl XZ & P8RS HAY a+b=0. Hat/Ed, ROBEHT T
HIERE, #~ Cameron-Martin R # Girsanov EF. EWHLUL,
Brown 123 ZX PRI, WREH TER, A mTLABCEAE R B 5
HEH AN Brown i23).

TH10.3 X, = B, — ot TEFHHRIE P TR, FREFEHME
I BE T J2& Brown 52 3.

WIBUE BRI AR B )5 FRAT148 H BEAL 2 B BB e i B A Black-
Scholes AZ. FEHLFEL M EE XAEX B[ LS R B REE
S Bof 7] 0 A2 B R ), BAASCE A Yy A B R 2R Y, TR Y R A
M AR & S = () BBRELE t AN, r > 0 EFZE,
BELETF]. —A T W2 Z HE @ Mg & K BB RIAE T
21 A B AR 2

Vi = (S — K)T = max(0, Sy — K).

— BT EUESFIAE T BRI P ER—A Fr AT T REALAL
® V7.

HELYE: — MR H = (H,) AR ATERZ] ¢ ;IWE N
Xy = H, Sy + by,

HoAt H, Sy RECEAEBSE LR, b RBERITHIE, RATRIRR Y
r, BEEE R dby = rbdt. HEEEAL (5.9) B, HRERHEERR
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16.

Wt B i BG IOk B R AR EAERAT A
dX, = H,dS, + db,, (10.2)
mEEESG &, ZEIr G, B~

d(e_rtXt) = e_rt(—TXtdt + dXt)
= eirt[—T(HtSt -+ bt)dt + thSt —+ dbt]
= th(e_rtSt),

R BUR W& 3 ok B T RS BUR R, AR N
Xo = xo B9 H B BIERI B FralE o9

t
e "X, = X, —1—/ H,d(e™™S.),
0

TR ER H 2T a BER MR BEYLR . X BLEEHLR
o3 B EDLERRE] T iR R By R L.

YA R GRS T — MR P, M7 i e
AR R TR, BT AIEZRAE O IPRIAY AR RS2

Vo = e "TE[Vy].
MR LARIR, A Vi e H ik
e "X, = e "TE[Vy|F]

FILAH H T8 (e77'Sy) RERIR, H BJ Al LA SRS o [A D 32 1
— O AT A B XS A 5L W SR, K Pk L T A A R A O W A A A4
A% AL S B A S LR B R Y.
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17. f: e N—A4], FA1RiT8 Black-Scholes FJHAF & A7,
Black 5 Scholes f 57 #RHE & FE AR 5 B 22 45 196 i T T B ML Aoy =X
FIZ&AF T4 HEAAUN S ) B R FRB K,

%& = odB; + udt, (10.3)
t

Hit o > 0 RN EEIE, 1 e R FOVERR. BadinaxX
d(e™S,) = e "dS, — re "' S,dt

I UG BIBEE N AR AR (770 S,) 6 BN X

d(e_rtSt) . dSt
e*’"tSt n St

/%

Bi=B,— (r—po't.
MR TR —AMER P (§i18 B = (B,) 7EMBER T A% T4
I RS TE TR TR, A e B, X B
BRI

EN 1
P(A) :=E |exp(aBr — éazT);A ,

TR T, HA a = (r — p)o™. BIfEHEZR P T, B & Brown
iz
18. BARUE P 3 FEHLISr 2 (10.4) JZ2ATRARAY, | 1to A3,

dS; 1

leg St = ?t - Q—Sfd<s>t
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19.

20.

1
= O'dBt -+ ,udt — 2—5?0'251‘/2(1?5

= 0dB; + (u — 0%/2)dt,
)
Sy = Soexp (0B + (u— 0?/2)t) .

A
Vo = e "TE[Vy],

MRFEKAFT, Ve = (S0 — K)*, B4
Vo= e "TE ((Sr — K)*)
— TR (g0 T )

_ efrTIE <Ser§T+(r702/2)T . K)

+

+

)

HeA A NS By % P FIRINESS 6 N(0,T), FHi
BRI RS B Tk

) +
Vo = erT/ <Soeoz\/7+(rfo /2T K) (ﬁ(%’)dl‘,
R
Horf ¢(v) BATMEIEZS M0 % ek AL B35 BI# A, FIARHEIERS
IATRREL () /R, HER: Black-Scholes 23R
Vo = So®(d + oVT) — Ke " Td(d), (10.4)
Horp

g log(So/K) + (r — 02/2)T
o T .

> 1EEU§ X = |Bt| %%F’%

I wE, W E CRYE S MR ECE friy BARH BAEAF R
HITE DL FERIBUE 23X (10.4) HES-HIK.
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Black-Scholes 222 Kl 30 4 & e > iy b will & Ay PR 2 FE AL 23
Mrii eI A, T8, BEDLRRSY, Tto 3K, BR/R 21, SE B
JE A X BOgEA: T AN D e AR R A RO AR S s B TS AT
XA SRR B, FTRAUan 18K, 1540 Riemann 5 JLAT
%) Einstein fy) SCRHX 8, X FETE N TR B0 R UL HOER
0. B A EA TR, PFRiEMa A2 &RA, WE X
A TAE, Merton il Scholes (i} Black B 4:7:1H) 3715 T Nobel £423F
2R AHXA RS, SRR MR Ak, IR AR 5T
AR R AT HUEOR, BOR SR fErLr & A SR GE S RAT A T
2, XL E AT B B R e R TC R iR S TR R AR IR
A, AT E M B A B E TR AN E B H O a8,
It LAFRAS B BE AL 34T 75 31X BE 1 S8 g B S i Y RS2 B iR A
=2, XALOAF IE R R B R T A SE A —HE.
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S ERE

CE B X, X, O HIRMREIES 0, R Y = X324+
X2 fly 58 B R

- SE R R PR A I BE L X RN RREL S

I MREENLAS R X RS ATRR R FOESE, IERARENLAS A s B
F(X) BRI [0,1] B354 4.

CJER: X ~ N(p, o), AR 55 E (), t € R

IR R XY BIREEEREUR f(r,y), A BB TR,
VR

(U, V) =(X,Y)A.
R (U, V) WBk6E 35 B R L
IR B X, Xo M HIRMARHEIEZS 041, (1) 3R Y = Xo/ X B9%
FERREL (2)1E8 X = (X1 +X,)/2, W] X 5 (X1 —X)?+(Xp—X)?
LUV
IR MR TR RS {e.} #15
> P(IX, - X| > e,) < o0,

n

Mo X, AT X

T AR AE Y 1,0, SR —ME MR R —4 01 7
B, RAEXAFFIH, (1) 11 FUH B F-EIETE, (2) 01 F ik Hi 3L
PRI EFIE], (3) 101 B UK H LAY T-H i),
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9.

10.

11.

12.

13.

14.

TR B XY WAV, AURXAEMT 2 € R, A
E (e"¥Y) = E (e¥),

W EH 3.1 3E X 5 Y fl5r.

A

(a) B (X,Y) BT A 0, 0f T po, 03, H
(X =)oy ', (Y = p)oy )

IRFER R B » BIFRUHEIERS 20, K E(Y]X);

(b) W X1, -+, Xy BISZ HARMAREIE S04, 5K E(X | X4+
X,).

(c) BPAEET, X FRWA RBERNEIME, YV R S8
MR E(Y|X) 5 E(X]Y).

AR {8, ) RNF R X RRBENL S, SR P(S2 > 0, -+, Sap > 0).

TR FERPREEALIF SR IE, B T B KIRE k #yESTR], IS
JRBESY T oA

TR e § WIRRREUR G(2), IEHA:

P(§ < 00) = li?ll G(z).

TR XETF—AAXPRREENLEF S {S,}, HEERBOTET B
Ty, WA,
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15. 28 FE B WK B A A TR, 2 ua, = P(S2, = 0) BRI, AR

Son =0, B4 T < 2n, HIL

gy = Y P(Sy, = 0|T = 2k)P(T = 2k)

k=1

FRXASLRTTE S P(T = 2k)7

16. S % (€.} MILFAATH P(6, = 1) = p and B¢ = —1) = q.

p+q=1 KRIH a >0 ffifF X, = oSt Elf

17. 298 ¥ { X} &8 {7, ) BB

(a) R A{Y, : 0 <n < N} BRTBUARIE R4 Y, = E(Yn|F),

n<N.

(b) R Y € Fn, LY, =E(Y|F,), B4 {Y,:1<n< N} 2

KT B AT B

(c) AR Y, : 0<n <N} 5 {Z,:0<n< N} #HERTBIR

BMHYN=2y, BLAXTHEO<n<NEFY, =27,

18. 2] UEH] Doob 73 fif xe B A i E— 1.

19. i )8 Ld 2% s A i fag BRE LT 3l X, ATEU IR 7,
WML Y, = X7 —n, n >0, R REIEN {V,} 7R T 1%

AR
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20.

21.

22.

23.

24.

25.

26.

T A —AEESEA m+1 AT, PO L, - m RS T. FR
HN 0 ST &, $8— M T, A0 o 1E S T e o] 22 A5 3 T,
SREARSEPRIE T, ARSEe P, — E BB BT A IR Je SLZ0E H, 7]
i\ @ SR HRAIERREZ AT 1 <0 <m.

AT e B R R G T, M MR R, 50 p A
q=1—p, FHYITETHE R RCH TR,

B ¥ (X} RS, H, € o(Xy, -+, X,) HAFES n
M w TERAEE C EHF |H,y(w)| < C, B T 24t H E[T] < oo,
Y, & H X&F X MM, IEM: Y, 7 T B EHEARA
E[Yr] = E[Yy]. BCBUZRS T34 SR XM 7/ — b SEULEA. 42
e R S B

AT FRIBRITIEARSRE W AR B (p # 1/2) BEPLIFSD {S,}
HIRHE Kk a1y, #7040 LA S B UGR B I T A7

AT B & RARTBENLAS R, ERT: P(E > 0) > 0 2 HALH EE > 0.

TR B —BORIAERZ] 0 BTAR R 50 JT, TEERANINIH] Bt A
3/4 BIMER L3k 20%, LA 1/4 AR R 20%, R 0] L 220,
A HAEUETFACHL A A SRAERT %] 2 BIHIRI R E A8 52 JT
AR A BRIIAL, tatie i A 7ERTZ] 2 DL 52 JTay i 245 A
P — BR AR, AR AR %32 2 D8R B /] %8
LBFERNS v R, AR 1 BCE T B, XM IBGE EZ 8T
(SN ONAT /X

AT (R LR A A MRS r = 5%, AR B A
fig?



FTE BERTIRAE 128

27. 218G iR (5.1) Y & BUE 0 < wi < we < ug BIHER DA

28.

29.

30.

31.

32.

D1, P2, D3, T2 p1, po, ps EIERY HATN 1, [RIAFAEARE 20 B R AS4r B
JEHI G RR {(1 4 7)7"S, } BUSBA SRR A7 ME—ng?

B & X = (Xy) BEAHAR Brown 23, (1) XHME{TIEEL
tltha t3a t4 ;J‘z ]E[thXtQXtB] 5

E[thXtQthXM];

(2) —& s < ta j‘z E[XS‘XI‘/]? (3) —& s<t< u, )j‘_{ E[Xt‘XsaXu]

3] Einstein &3 Brown 23 X, W& E BRI u(t,z) = pi(x) M
T ERE S TR
o _ 100
ot 2022’
IERAZ.
)8 Brown 23R B, (H27Em M EJoik B s, AT

FH Donsker AAFJFRH AR Brown 230, XIERTEHBMAZL. 5
— T A Brown 123.

S %X = (X,) BJRHH &K Brown 3230, & X
¢
Yi(w) := / Xs(w)ds, t > 0,w € Q.
0
XA R E R Riemann f43, ERH: Y = (V) & Gauss 378,
REWTH T ZREL cov (Y, V).

M B a<0<b, T, T, 4352 A H &) Brown 323 E KAl
2 a,b AYEFTE]. HBOTERK P(T, < Ty), E[T] A& T # Laplace
A, K T =T, N T,
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33.

34.

35.

36.

AR HiE A E] Brown 23— @ S EMET— KK FEZL. HRAE
SHEME LB ELR v = at + b 5?7 BRY o, b REHHEE,
E S EE? IR, Bla,b> 0, B4 © = at + b J2—5%AE)R
M2z b ARIEMELZ, 4 T & Brown 1231 X HRKMFIXEAEZ
FRsFTE], B
T =inf{t > 0: X; = at + b}.
R P(T < o0). WHEIIE—EBZESH IS, HAHEL
SR Tk o RN B S, TR I Z2E IR 4528 31T
TEIX BA B — 4T, AT H AT BHR exp(cX; —c*t/2) &
B R E Doob BEACE I, YR ¢t > 0F
E (exp(cXir — F(EAT)/2)) =1,

A Xiar <a(t AT)+b, HEHREE ac— /2 <0 H ¢ > 0B}, ¢ 7LA

BT T55, X
E {exp ((ac — C—;)T)} = et

TR ac—c?/2=-AN24 \>0BBIER c=a+ Va2 + 2\ T4
E (e ™) = exp(—b(a + Va2 + 2))).

S8 % X, = tBy, * X E’J:ﬁ'\ﬁigﬁ <X> WEBH: X, = tB, —

fg B.ds 2.

8 % BY 5 B® EFAMSLA Brown 23, EH: E1HR

RS WERE (BW, B®)) = 0.

SR w0 <t <ty <ty <ty BV & n 2Rl T 1, 5 F,
AL, IR
E[g(BtQ - Btl)U(Bm - Bt3)] =0.
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37. 8 JEH.
(a) (8.3) W@ Xy MO
(M), = F2 (tANt; —t Atiy),
e i R ARy
/0 t Fy Lsetor.epds.

(b) XMAFE i, &
<M'(i)7 M(j)> —0.

38. M W F,G JEAELEE Va2, IR
t
(F.B,G.B), = / F.G.ds.
0
39. IR % M ORI R qniR M2 = (M7P) W 2R, JERE: ST
t, Mt == Mo.

40. TR B M-I AR, AUERIARPI R ARB N A (M, N) =
0, IERH: XHEfT ¢, M, = M.

41. }jﬁ Xt = Bg — 3tBt, iIElﬁ (Xt) %@%

42. 8 (Tto By —45R) IERA:

n B
n!/ dB,, ---dB,, = t%h, <—t) :
0<u1 < <up <t Vit
HA h, BFriER Hermite 205
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43. M8 115 Orstein-Uhlenbeck i f2i 15 72

E[(X; — EXy)(Xs — EX,)].

44. ;‘Jﬁ iﬁlﬁ Xy = |Bt| %ﬁé@%

45. B fJg, WEEHEEAR R TEAUE 2 XS
k.
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